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ABSTRACT. Cohesive powers of computable structures are effective analogs of ultrapowers, where
cohesive sets play the role of ultrafilters. Let w, {, and n denote the respective order-types of the
natural numbers, the integers, and the rationals when thought of as linear orders. We investigate the
cohesive powers of computable linear orders, with special emphasis on computable copies of w. If £
is a computable copy of w that is computably isomorphic to the usual presentation of w, then every
cohesive power of £ has order-type w + (n. However, there are computable copies of w, necessarily not
computably isomorphic to the usual presentation, having cohesive powers not elementarily equivalent to
w =+ ¢n. For example, we show that there is a computable copy of w with a cohesive power of order-type
w 4+ n. Our most general result is that if X C N\ {0} is a Boolean combination of X5 sets, thought of
as a set of finite order-types, then there is a computable copy of w with a cohesive power of order-type
w~+ o (X U{w+(n+w'}), where o(X U{w + (n+ w"}) denotes the shuffle of the order-types in X
and the order-type w + {n + w*. Furthermore, if X is finite and non-empty, then there is a computable
copy of w with a cohesive power of order-type w + o (X).

1. INTRODUCTION

The ultimate inspiration for this work is Skolem’s 1934 construction of a countable non-standard
model of arithmetic [22]. Skolem’s construction can be described roughly as follows. For sets X,Y C N,
write X C* Y if X \ Y is finite. First, fix an infinite set C' C N that is cohesive for the collection of
arithmetical sets: for every arithmetical A C N, either C' C* A or C C* A. Next, define an equivalence
relation =¢ on the arithmetical functions f: N — N by f =¢ g if and only if C C* {n: f(n) = g(n)}.
Then define a structure on the =¢-equivalence classes [f] by [f] + [g] = [f + g], [f] x [g] = [f % g]
(where f + g and f x g are computed pointwise), and [f] < [g] & C C* {n: f(n) < g(n)}. Using
the arithmetical cohesiveness of C, one then shows that this structure is elementarily equivalent to
(N, +, x, <). The structure is countable because there are only countably many arithmetical functions,
and it has non-standard elements, such as the element represented by the identity function. See [6] for
a further discussion of Skolem’s model.

Think of Skolem’s construction as a more effective analog of an ultrapower construction. Instead of
building a structure from all functions f: N — N, Skolem builds a structure from only the arithmetical
functions f. The arithmetically cohesive set C' plays the role of the ultrafilter. Feferman, Scott, and
Tennenbaum [10] investigate the question of whether Skolem’s construction can be made more effective
by assuming that C' is only r-cohesive (i.e., cohesive for the collection of computable sets) and by
restricting to computable functions f. They answer the question negatively by showing that it is not
even possible to obtain a model of Peano arithmetic in this way. Lerman |16] investigates the situation
further and shows that if one restricts to cohesive sets C' (i.e., cohesive for the collection of c.e. sets)
that are co-c.e. and to computable functions f, then the first-order theory of the structure obtained is
exactly determined by the many-one degree of C'. Additional results in this direction appear in [12,/13].

Dimitrov [4] generalizes the effective ultrapower construction to arbitrary computable structures.
These cohesive powers of computable structures are studied in [3}5,8] in relation to the lattice of c.e.
subspaces, modulo finite dimension, of a fixed computable infinite dimensional vector space over the
field Q. In this work, we investigate a question dual to the question studied by Lerman. Lerman fixes
a computable presentation of a computable structure (indeed, all computable presentations of the
standard model of arithmetic are computably isomorphic) and studies the effect that the choice of
the cohesive set has on the resulting cohesive power. Instead of fixing a computable presentation of a
structure and varying the cohesive set, we fix a computably presentable structure and a cohesive set,
and then we vary the structure’s computable presentation. We focus on linear orders, with special
emphasis on computable presentations of w. We choose to work with linear orders because they are
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a good source of non-computably categorical structures and because the setting is simple enough to
be able to completely describe certain cohesive powers up to isomorphism. This work is a greatly
expanded version of the preliminary work of [9].

Our main results are the following. Below, w, {, and n denote the respective order-types of the
natural numbers, the integers, and the rationals. For each k > 1, k denotes the order-type of the
k-element linear order.

e If C is cohesive and L is a computable copy of w that is computably isomorphic to the usual
presentation of w (i.e., the immediate successor relation of £ is computable), then the cohesive
power [ [~ £ has order-type w + (1 (Theorem |4.5).

e If C' is co-c.e. and cohesive and L is a computable copy of w, then the finite condensation of the
cohesive power [[~ £ has order-type 1+ 7 (Theorem see Definition for the definition of

finite condensation).

e If C' is co-c.e. and cohesive, then there is a computable copy £ of w where the cohesive power

[I £ has order-type w + 7 (Corollary .

e More generally, if C' is co-c.e. and cohesive and X C N\ {0} is a Boolean combination of ¥
sets, thought of as a set of finite order-types, then there is a computable copy £ of w where
the cohesive power [[~ £ has order-type w + o (X U {w + (n + w*}). Here w* denotes the
reverse of w, and o denotes the shuffle operation of Definition [6.2} Furthermore, if X is finite
and non-empty, then there is a computable copy £ of w where the cohesive power [ [~ £ has
order-type w + (X ) (Theorem [6.10)).

This work also serves to compare and contrast properties of cohesive powers with those of classical
ultrapowers. The key points are the following. Recall that a computable structure is decidable if its
elementary diagram is computable and is n-decidable if its X, -elementary diagram is computable.
These definitions are discussed in more detail in Section [2]

e (Classically, an ultrapower of a structure is elementarily equivalent to the base structure by
Lo$’s theorem. Effectively, Lo$’s theorem holds for cohesive powers of decidable structures
(Corollary . For cohesive powers of n-decidable structures, Lo$’s theorem need only
hold up to A, t3-expressible sentences. In fact, every X, 13 sentence true of an n-decidable
structure is also true of all of its cohesive powers (Theorem , but this is optimal in general

(Corollary [4.9).

e Classically, ultrapowers of isomorphic structures over a fixed ultrafilter are isomorphic. Effec-
tively, cohesive powers of computably isomorphic computable structures over a fixed cohesive
set are isomorphic (Theorem . However, it is possible for isomorphic (but not computably
isomorphic) computable structures to have non-elementarily equivalent (hence non-isomorphic)
cohesive powers over a fixed cohesive set. Together, Theorems and imply that for
every cohesive set C, there are computable copies Ly and £q of w such that the cohesive
powers [[~ Lo and [[~ £1 are not elementarily equivalent. This sort of phenomenon can also
be witnessed by computable structures whose cohesive powers are completely described. Fix a
co-c.e. cohesive set. Example [5.5) shows that for every k > 1, there is a computable copy L of
w with [[~ £ = w+ kn. The order-types w + kn are pairwise non-elementarily equivalent for
k > 1. Theorem [6.10| shows that many more order-types are achievable as cohesive powers of
computable copies of w.

e Classically, the Keisler—Shelah theorem states that two structures are elementarily equivalent if
and only if there is an ultrafilter (on a set of appropriate size) over which the corresponding
ultrapowers are isomorphic. Effectively, an analogous result holds for decidable structures:
decidable structures A and B are elementarily equivalent if and only if [[,A = [[~ B for
every cohesive set C' (Theorem which is essentially due to Nelson [20] in a slightly different
context). If A and B are computable structures that are not necessarily decidable, then the
effective version of the Keisler—Shelah theorem can fail in either direction. As explained in
the previous bullet, there are many examples of elementarily equivalent computable linear
orders having non-isomorphic cohesive powers. Example also shows that it is possible for
non-elementarily equivalent computable linear orders to have isomorphic cohesive powers.
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e Classically, for a countable language, ultrapowers over countably incomplete ultrafilters (i.e.,
ultrafilters that are not closed under countable intersections) are always N;-saturated. Effectively,
cohesive powers of decidable structures are recursively saturated (Theorem item |(3)}, which
is essentially due to Nelson [20] in a slightly different context). Furthermore, for n > 0, cohesive
powers of n-decidable structures are ¥,,-recursively saturated (Theorem item . Most
interestingly, if the cohesive set is assumed to be co-c.e., then we obtain the n = 0 case as
well as an additional level of saturation: cohesive powers of n-decidable structures over co-c.e.
cohesive sets are X, 1-recursively saturated (Theorem .

This work is organized as follows. Section [2| presents the basic theory of cohesive products and
cohesive powers, focusing on analogs of Lo$’s theorem, substructures, saturation, and isomorphisms.
Section [3] concerns the cohesive powers of computable linear orders in general. Section [] concerns the
cohesive powers of computable copies of w. In Section 5| given a co-c.e. cohesive set C, we construct
a computable copy £ of w whose cohesive power [[~ £ has order-type w + 7. Section |§| leverages
the construction of Section [5| to shuffle various patterns of finite order-types into cohesive powers of
computable copies of w.

2. COHESIVE PRODUCTS AND POWERS OF COMPUTABLE STRUCTURES

We assume familiarity with the basic concepts and notation from computability theory and com-
putable structure theory. Comprehensive references include [17,[23]24] for computability theory
and [1,|1§] for computable structure theory. See also [11] for a survey of computable structure theory.

Throughout, N denotes the natural numbers, and w denotes its order-type when thought of as a
linear order. For each n > 2, we use (g, ...,x,—1): N — N to denote the usual computable bijective
n-tupling function, which we may assume is increasing in all coordinates. For each ¢ < n, m; denotes
the corresponding projection function onto coordinate ¢. For X C N and n € N, X |n denotes the

set X N{0,1,...,n —1}. Often we consider expressions of the form lim,cc f(n), limsup,cc f(n),
liminf,cc f(n), etc., where f: N — N is some function and C' C N is an infinite set. For this,
let ng < n1 < ng < --- be the elements of C listed in increasing order. Then lim,cc f(n) means

lim; oo f(ni), and limsup,cc f(n) and liminf,cc f(n) are interpreted similarly. Notice that for
functions f: N — N, lim,cc f(n) = oo if and only if liminf,cc f(n) = co.

We denote partial computable functions by ¢, ¥, etc. For a partial computable function ¢, ¢(n)l
means that ¢ halts on input n, thus producing an output, and ¢(n)1 means that ¢ does not halt on
input n. The notation ¢ ~ 1) means that ¢ and v are equal partial functions: for every n, either
w(n)l =1 (n)l or both p(n)T and ¥(n)T. We also use the ~ notation to define one partial computable
function in terms of another. For example, ‘let p(n) ~ 1(n) + 1’ means compute ¢(n) by running ¥ (n)
and adding 1 to the output if ¥)(n) halts. As usual, (¢e)ecn denotes the standard effective enumeration
of all partial computable functions, and ¢, s(n) denotes the result (if any) of running ¢, on input n for
s computational steps. Sometimes we also write ¢, ..., ¢,—1 to refer to an arbitrary list of partial
computable functions. The usage of subscripts will be clear from context.

Throughout, we consider only first-order languages £ and finite first-order £-formulas. For k € N,
we sometimes use the abbreviation 32%x ®(x) to express that there are at least & distinct o for which
®(x) holds:

ke d(z) = 3Fxo,..., TR /\ xpF ;| A (/\ @(mﬂ)

i<j<k i<k
Similarly, we use the abbreviation 3=*z ®(x) to express that there are exactly k distinct x for which
®(z) holds: I=F2 ®(x) = FZFx d(x) A =3I+ 1w ®(2). We point out that, for example, if ®(z) is a ¥y
formula, then 32%z ®(z) is equivalent to a X1 formula and 3=Fz ®(z) is equivalent to the conjunction
of a ¥ formula and a II; formula. In a slight abuse of the terminology, we say that a formula is A, if
it is logically equivalent to both a ¥, formula and a IT,, formula. So if ®(z) is ¥1, then then 3=%x &(z)
is AQ.

Fix a computable language £. A computable £-structure A consists of a non-empty computable
domain A C N and a uniformly computable interpretation of all relation, function, and constant symbols
of £. We often denote the domain of a structure A by |A|. A computable £-structure A is decidable if
there is an algorithm which, given a formula ®(zo, ..., x;,—1), with all free variables displayed, and a
sequence of parameters (ao, ..., am—1) each from |A|, determines whether or not A = ®(ao, ..., am—1).
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Likewise, a computable £-structure A is n-decidable if there is such an algorithm determining whether
or not ¥, formulas with parameters from |A| hold in A. In other words, a computable structure
is a structure having a computable atomic diagram (or, equivalently, a computable quantifier-free
diagram); a decidable structure is a structure having a computable elementary diagram; and an
n-decidable structure is a structure having a computable Y,-elementary diagram. A 0-decidable
structure is the same thing as a computable structure. Similarly, a sequence (A; : i € N) of £-structures
is uniformly computable, uniformly decidable, or uniformly n-decidable if the respective sequence of
atomic, elementary, or ¥, -elementary diagrams is uniformly computable.

We find it convenient to extend the decidability terminology to individual formulas and to computable
sequences of formulas that are not necessarily all members of some fixed syntactic class. Say that a
computable sequence of formulas (®; : ¢ € N) is uniformly decidable in a computable £-structure A if
there is an algorithm that, given a subformula ¥(%) of ®; for some ¢ (including of course the possibility
U = ®,) and an appropriate sequence of parameters @ from |A|, determines whether or not A = ¥(a).
The reason for including the decidability of subformulas is to permit inductive arguments and to ensure
that we can effectively search for witnesses to existential quantifiers. These properties are used in the
subsections on analogs of Lo$’s theorem and on saturation below, for example. Formally, (®; : i € N) is
uniformly decidable in A if the set

{(i, (), d) : ¥ is a subformula of ®; A |d] = |y] A Al V(d)}

is computable. In the case of sequences of structures, say that a computable sequence of formulas
(®; : i € N) is uniformly decidable in a computable sequence (A, : n € N) of £-structures if the set

{(n,,¥(y),d) : ¥ is a subformula of ®; A |d| = |y] N A, = ¥(a)}

is computable. In the case of a single formula ® (and its subformulas), we simply say that ® is decidable
in a computable £-structure A and that ® is uniformly decidable in a uniformly computable sequence
(A, : n € N) of £-structures. In a decidable structure, every computable sequence of formulas is
uniformly decidable. In an n-decidable structure, every computable sequence of ¥,, formulas (indeed,
every computable sequence of Boolean combinations of 3, formulas) is uniformly decidable.

Cohesive products and cohesive powers.
Definition 2.1. An infinite set C' C N is cohesive if for every c.e. set W, either C C* W or C C* W.

More generally, a straightforward induction shows that if C' is a cohesive set and X is a Boolean
combination of c.e. sets, then either C' C* X or C C* X. Notice that if C' is cohesive and X is a
Boolean combination of c.e. sets, then C' " X being infinite implies that C' C* X. We use quantifiers
V*°n and 3*°n as abbreviations for ‘for almost every n’ and ‘there are infinitely many n.” So for
example, (V*°n € C)(n € X) means C C* X.

Definition 2.2. Let £ be a computable language. Let (A, : n € N) be a uniformly computable
sequence of £-structures with corresponding uniformly computable sequence of non-empty domains
(|Az] : m € N). Let C C N be cohesive. The cohesive product of (A, : n € N) over C' is the £-structure
[Io A, defined as follows.

e Let D be the set of partial computable functions ¢ such that Vn (¢(n)l — ¢(n) € |A,|) and
C C* dom(yp).

e For p,9 € D, let ¢ =¢ ¢ denote C C* {n: p(n)] =¥ (n)l}. The relation =¢ is an equivalence
relation on D. Let [p] denote the equivalence class of ¢ € D with respect to =¢.

e The domain of [[, Ay, is the set |[[~An| = {[¢] : ¢ € D}.

e Let R be an m-ary relation symbol of £.  For [pol,...,[¢m-1] € |[[oAn|, define
RIe A ([po], ..., [om-1]) by
RHeAn([po], ... [pm—1]) & CC* {n: R*(po(n),. .., om-1(n))}.

Here we think of R4 (pg(n),...,¢m_1(n)) as including the condition that o;(n)] for each
1< m.
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e Let f be an m-ary function symbol of £. For [¢o], ..., [pm—1] € |[]o Anl, let ¥ be the partial
computable function defined by

w(n) = A (po(n), ... pm-1(n)),
and notice that C' C* dom(t)) because C' C* dom(;) for each i < m. Define flloAn by

fHeAn (o), ..., [pm-1]) = ).

e Let ¢ be a constant symbol of £. Let 9 be the total computable function defined by 1(n) = ¢,
and define clloAn = [4))].

In the case where A, is the same fixed computable structure A for every n, the cohesive product
[Io A is called the cohesive power of A over C and is denoted [] A.

In Definition it is equivalent to relax the condition ¥n (¢(n)l — ¢(n) € |A,|) and C C* dom(yp)
of the first bullet to (V*°n € C)(p(n)l A ¢(n) € |A,l]). If ¢ is a partial computable function satisfying
the relaxed condition, let 1) be the partial computable function given by

o) = {so(n) if p(n)d and p(n) € |4,

T otherwise.

Then 9 satisfies the original condition, and ¥ =¢ .

We often consider cohesive powers of computable structures by co-c.e. cohesive sets. The co-c.e.
cohesive sets are exactly the complements of the mazimal sets, which are the co-atoms of the lattice of
c.e. sets modulo finite difference (see |23, Section X.3]). Such sets exist by a well-known theorem of
Friedberg (see [23, Theorem X.3.3]). Cohesive powers are intended to be effective analogs of ultrapowers,
so in light of this analogy, it makes sense to impose effectivity on the cohesive set, which plays the
role of the ultrafilter, as well as on the base structure itself. Technically, it helps to be able to learn
what numbers are not in the cohesive set C' when building a computable structure A so as to influence
[Io A in a particular way. Cohesive products by co-c.e. cohesive sets also have the helpful property
that every member of the cohesive product has a total computable representative. Let (A, : n € N) be
a uniformly computable sequence of structures with non-empty domain |.A,| for each n, and let a,, be
the first element of |A,| for each n. Suppose that C is co-c.e. and cohesive, and let ¢: N — N be a
partial computable function representing an element [p] of [[~A,. Then C C* dom(yp), so let N be
such that (Vn > N)(n € C — p(n)]). Define a total computable f: N — N as follows. If n < N, then
output f(n) = an,. If n > N, then simultaneously run ¢(n) and enumerate the complement C of C.
Either ¢(n)}, n € C, or both. If ¢(n) halts before n is enumerated into C, then output f(n) = ¢(n);
and if n is enumerated into C' before (n) halts, then output f(n) = a,. This f is total and satisfies
f=c e

As with structures and their ultrapowers, a computable structure A always naturally embeds into
its cohesive powers. For a € | A|, let f, be the total computable function with constant value a. Then
for any cohesive set C, the map a — [f,] embeds A into [[,.A. This map is called the canonical
embedding of A into [[-.A. If A is finite and C' is cohesive, then every partial computable function
¢: N = |A] with C C* dom(yp) is eventually constant on C. In this case, every element of [[~ A is
in the range of the canonical embedding, and therefore A = [[~.A. If A is an infinite computable
structure, then every cohesive power [ [~ A is countably infinite: infinite because A embeds into [ [ A,
and countable because the elements of [[ A are represented by partial computable functions. See [4]
for further details.

Analogs of Los’s theorem. A restricted form of Lo$’s theorem holds for cohesive powers. Let £ be
a computable language, let A be an n-decidable £-structure, and let C' be cohesive. We show that
for every ¥,43 sentence ®, A = ® implies that [[~.A = ®. It follows that A and []. A agree on all
A, 43 sentences. It also follows that if A is decidable, then A and [[~ A are elementarily equivalent.
Thus for decidable structures, we recover the full Lo$ theorem (for first-order logic). These results
update Dimitrov’s fundamental theorem of cohesive powers [4], which is the 0-decidable case: if A is a
computable £-structure, C' is cohesive, and @ is a X3 sentence, then A = ® implies that [[ A = .
In general, the fundamental theorem of cohesive powers is the best possible analog of Lo$’s theorem.
In Sections [4] 5} and [6] we see several examples of computable linear orders £ where the II3 sentence
“every element has an immediate successor” is true of £ but false of some cohesive power of L. For
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sequences of structures, we show that if (A4; : ¢ € N) is a sequence of uniformly n-decidable £-structures,
C' is cohesive, and ® is a II, 5 sentence, then C' C* {z A E (ID} implies that [[~.A; = ®. This
updates the fundamental theorem of cohesive products from [7], which is the 0-decidable case. In
Section [, we show that the fundamental theorem of cohesive products is best possible by uniformly
computing a sequence of finite linear orders (£; : i € N) such that for every cohesive set C, the cohesive
product [[~ £; is a linear order with no maximum element.

Lemma 2.3. Let £ be a computable language, let (A, : n € N) be a uniformly computable sequence of
L£-structures, and let C' be cohesive. Let t(vg,...,vm—1) be a term, with all variables displayed. Let
(0ol [om—1] € |[IeAnl. Let 4 be the partial computable function given by

p(n) = t4(po(n), ..., om-1(n)).
Then
tle A (o], ..., [om—1]) = [¥].

Proof. The proof is a straightforward induction on the construction of the term ¢, using Definition [2.2]
O

Lemma 2.4. Let £ be a computable language, let (A, : n € N) be a uniformly computable sequence of
L-structures, and let C' be cohesive. Let ® (v, ...,vm—1) be a formula (with all free variables displayed)
that is uniformly decidable in (Ay : n € N). Then for any [pol, ..., [pm-1] € [I1c Anl,

HC An = ®([eo),- -, [em-1]) < CC* {n cAp E @(po(n), .. .,gpm_l(n))}.

Proof. Proceed by induction on the construction of the formula ®. For the base case, assume that
®(vg,...,Um—1) is the atomic formula R(to(vo, ey Um—1)y s te—1(voy . vm,l)), where R is either a
relation symbol from £ or equality, and tg,...,t,—1 are terms whose variables are among vg, ..., Upm—1.
For each i < ¢, define

vi(n) =t (po(n),. .., om-1(n))
as in Lemma [2.3| so that t{lc A”([cpo], .oy [em=1]) = [¢i]. Then
HC’ Ay, ): R(tO([SOO]a s [(:Dmfl])’ s atf—l([()OOL R [@mfl]))

=4 HCATZ ):R(Wo]v-~-a[¢£71])
& CCcr {n3~’4n ):R(¢0(n),...,¢z_1(n))}
= C g* {n : .An ): R(to((po(n), cee ,@m—l(n))v s 7t€fl(()00(n)7 B (pm—l(n)))}

We consider the inductive cases for the connectives A and — and for the quantifier 4.

Assume that ®(v,. .., v,—1) is the formula ®(vo, ..., vm-1) A ®1(vo,...,vm-1). Then [[~ A, |=
®([¢ol, - -, [om—1]) if and only if (Vi < 2)([]x An = ®i([¢0],-- -, [¢m-1])). Formulas ®; and ®; are
uniformly decidable in (A, : n € N) because they are subformulas of ®. Thus the induction hypothesis
yields that

[I A E®illed,... [oma]) & CC* {n:dnE ®ilpo(n),....om-1(n)}

for each i < 2. Finally, C C* {n: A, = ®i(¢o(n),...,¢m—-1(n))} holds for both i = 0 and i = 1 if and
only if

CC* {n: Ay = Bo(po(n), ..., om-1(n)) A®1(po(n), ..., om-1(n))}.
Putting this all together yields that
[I.Ax = 2ollol,- - [om-1]) A 1[0, - - -, [om—1])
if and only if

Ccc* {n A E Po(po(n), ...y om—1(n)) A P1(po(n), . . .,gom_l(n))}.
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Now assume that ®(vg,...,v,—1) is the formula —U(vg,...,vm-1). Then [[-A, [
@([¢ol,-- -, [m—1]) if and only if [[~An ¥~ ¥([eol,...,[¢m-1]). The formula ¥ is uniformly
decidable in (A, : n € N) because it is a subformula of ®. Thus the induction hypothesis yields that

[I An 9o, loma]) & CE {n: Ay T(po(n),..., om1(n))}.

We have that C ¢* {n: A, = ¥(po(n ) ., ¢m—1(n))} if and only if C has infinite intersection with
the set {n : A, ¥ ¥(po(n),...,om-1(n))}, which is co-c.e. because ¥(vy,...,Um—1) is uniformly
decidable in (A, : n € N). By cohesweness and the fact that C' C* dom(y;) for each i < m, we
therefore have that

C & {n: Ay = ¥(po(n),....,om-1(n)} & C " {n: Ay = U(po(n),...,om-1(n))}
& OCC{n: Ay F~T(po(n),...,om-1(n))}.
Putting this all together yields that

[I A= ~U(wol. - [oma]) & O {n: A= ~¥(po(n),...,om-1(n))}.

Finally, assume that ®(vg,...,vp—1) is the formula Fx¥(x,vg,...,vm-1). First sup-
pose that [[oA, = 3z ¥(z,[pol,...,[Pm-1]). Then there is a [0] € |[[-An| such that
[Ic An = (0], [0, [¢m=1]). The formula ¥ is uniformly decidable in (A4, : n € N)

because it is a subformula of ®. Thus the induction hypothesis yields that

HCAH ':\IJ(WL[QOO]?""[QOW—H) & COcC” {n-An }:\Il(e(n)ﬂOO(n)v'”790m—1(n))}'
Clearly
{n: A, ET0(n),eo(n),...,om-1(n))} C{n: A, E Iz ¥(z,o(n),...,om-1(n))},

so we have that C C* {n: A, | 3z ¥(z, po(n),...,om-1(n))}.

Conversely, suppose that ¢ C* {n : A, = Jz¥(z,¢0(n),...,om-1(n))}. The formula
U(x,vg,...,Vm-1) is uniformly decidable in (A, : n € N), so we may define a partial computable
function 6 by

6(n) ~ the first a € |A,| such that A, & ¥(a,o(n),...,pm-1(n)).

The assumption C C* {n : A, = Jx¥(z,¢o(n),...,¢m-1(n))} implies that C C* dom(f). We
therefore have that [f] € | [ Ay| and that

O C* {n: Ay | W(0(n). @o(n). ... omr (n)]}.

The induction hypothesis then yields that [[~ A, = (0], [¢o],- .. [¢m—-1]). Therefore [[~ A, =
Jz ¥ (x, [pol,- ., [pm-1]). This completes the proof.
Lemma 2.5. Let £ be a computable language, let (A, : n € N) be a uniformly computable sequence of
L-structures, and let C' be cohesive. Let U(xo, ..., Tk—1,Y0; -+ Yt—1,00,---,Um—1) be a formula that is
uniformly decidable in (A, : n € N).

(1) For any [@ol, ..., [em-1] € |I]o Anls

HcAn ):vag\lf(f,g, [SDO]a"'a[(pmfl]) = CC° {n An ’;EI:L‘VZU\I’(J_} g ( )a"'vsom*l(n))}'

(2) For any [@ol, - [pm-1] € [T1c Anl,
CC {n: A EVEITY(Z,F,00(n), ., pm-1(n))} = H An EVZIGU(E, 7, [po), - - - s [m—1])-
Proof. For item [(1)} suppose that [[o A, = IZVGY(Z, 7, [p0), ..., [m-1]). Let [Yo],..., [Yr—1] €

| T An| be such that
HC An ): ng]([wo]v R [¢k—1]7 ﬂ, [900]7 R [SOm—l])' (*)
The set
X = {n s A, EVTU(Yo(n),. .. vk—1(n), ¥, po(n),..., gpm_l(n))}
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is a Boolean combination of c.e. sets, so by cohesiveness, either C C* X or C C* X. If C C* X, then
because C' C* dom(yp;) for each i < m and C C* dom(v);) for each i < k, we would have that

ccr {n cAn ): H?Jﬁ‘l’(%(n), cee 7¢k—1(n)aga @0(”)? o '790m71(n))}-

As ¥ is uniformly decidable in (A, : n € N), we could then argue as in the 3 case of the proof of
Lemma [2.4] and simultaneously define partial computable functions 6; for i < ¢ as follows. Given n,
search for the first sequence (ay,...,as_1) € |A,|’ such that

An ’: _"I](,(/)O(n)a ceey wk—l(n)a agy ..., A—1, (100(”)7 [ERE mefl(n))a
and set 0;(n) = a; for each i < . Then
ccr {TL C A ): _'\Ij(wO(n)a s 7¢k—1(n),90(n), s 795—1(77‘)7%00(71)7 s @mfl(n))}v
SO

HC’ An 'Z —\\If([l/Jo], sy kal]? [00]7 ceey [05*1]7 [900]7 sy [Spm—l])

by Lemma which contradicts . Thus we cannot have C' C* X, so it must be that C C* X
Therefore

CC* {nA ':ngl(¢0( ) -'-7¢k71(n)7377§00(n)7"'7‘10m—1(n))}
C {n: A, E3IZVGY(Z, 7, 00(n),....om-1(n))},

as desired.
Item follows from item Suppose that [[~ A, = VZIYY(Z, Y, [wol, ..., [¢m-1]). Then
[Io An = 38VY ¥ (Z, 7, [¢o), - - -, [¢m—1]). The formula =¥ is uniformly decidable in (A, : n € N)

because ¥ is, so applying item to =V yields that
Cc* {n c Ay, B IEVY-U(Z, 7, po(n), ... ,cpm_l(n))}.
Therefore
C ¢ {n: A, EVZITY(Z T, 00(n), ..., om-1(n))}
because the two sets are disjoint. O

Lemma 2.6. Let £ be a computable language, let (A, : n € N) be a uniformly computable sequence of
L-structures, and let C be cohesive. Let ®(vy, ..., vm—1) be a formula that is logically equivalent to a for-
mula of the form VY Vo (Z, ¥, vo, ..., vm—1) and to a formula of the form VZ Iy V. (Z, ¥, vo, ..., Vm-1),
where Wo and Wy are uniformly decidable in (A, : n € N). Then for any [pol, ..., [pm-1] € |[1o Anl,

HC A E ®([eo],- -, [em-1]) <& CC* {n cAp E @(po(n), .. .,gpm,l(n))}.

Proof. The ‘=’ implication is by Lemma [2.5item |(1){ and the equivalence of ® (%) with 3ZVy U (&, ¥, V).
The ‘<’ implication is by Lemma item and the equivalence of ®(¥) with V¥ 35V (Z,y,v). O

The following theorem refines the fundamental theorem of cohesive products from [7].

Theorem 2.7. Let £ be a computable language, let (A; : i € N) be a sequence of uniformly n-decidable
L-structures, and let C' be cohesive.

(1) Let ®(vo, ..., vm-1) be a Snsa formula. Then for any (o), - .., [em-1] € | TIoAil,
HCAi = (o), lpm—1]) = CC{i: Ai | ®(po(d),- -, pm—1(i))}.
(2) Let ®(vo,. .., vm1) be aTlyyo formula. Then for any o), ... [gomfl] € 1 T1o A,
CC iz A 2(po(@), - om1 (D)} = ], AE 2wl [om-1)-
(3) Let ®(vo, ..., vm_1) be a Apsa formula. Then for any [go),- ... [om1] € | TTe Ail,

HcAi = (ol lema]) & CC{it A P(poli), . pm-1(0))}.

Proof. Ttem follows from Lemma item because a 9 formula ®(vg, ..., vy,—1) has the form
AZVY Y (Z, 7, vo, ..., Vm—1), Where V(& 7, vg,...,vm—1) is X, and hence is uniformly decidable in the
uniformly n-decidable sequence (A; : i € N). Likewise, item |(2)| follows from Lemma [2.5 item and
item follows from Lemma O
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Proposition [£.10| below shows that Theorem [2.7]is tight in general. We now switch from cohesive
products to cohesive powers.

Lemma 2.8. Let £ be a computable language, let A be a computable £-structure, and let C be cohesive.
Let ® be a sentence of the form VX IyVZV(Z,y, Z), where V(Z, Y, Z) is decidable in A. Then

[[.AEe = ARe

Proof. Suppose that [[~ A = ®. Write & = zq,...,2,,—1. For each i < m, fix an a; € |A|, and let ¢;
be the constant function with value a;. Then [po], ..., [¢m—1] € |- Al, so

HCA ): EijVZ\I/([gpo], vy [me_l],g, 2)
Therefore
CC*{n: AEIVZU(po(n),...,om-1(n),7,2)} = {n: AEIGVZ¥(ao,...,am-1,7,2)}

by Lemma 2.5item[(1)]applied to the formula 37VZ ¥ (Z, 7, Z) and the sequence of structures (A, : n € N)
where A, is A for each n. It must therefore be that A = yVZ ¥ (ao,...,amn-1,7,Z). The sequence
ap, . ..,am—1 € |A| was arbitrary, so we have shown that A = VZ3yVZV¥(Z, v, Z). That is, A=®. O

The next theorem is our version of Lo$§’s theorem for cohesive powers of n-decidable structures,
which refines the fundamental theorem of cohesive powers from [4].

Theorem 2.9. Let £ be a computable language, let A be an n-decidable £-structure, and let C' be a
cohesive set.

(1) Let ®(vo,...,vm-1) be a Apyo formula. Then for any [@o), ..., [pm-1] € [ [ Al

[ AE2(e). - [ona) & CC {n: Al 2(go(n)....om-1(n)}.

(2) Let ® be a A,y3 sentence. Then A |= @ if and only if [[o A = ©.
(3) Let ® be a ¥, 43 sentence. If A |=®, then [[o A | ®.

Proof. Ttem is the special case of Theorem item in which each structure A; is A. Item |(2)
follows from item because if ¢ is a A, 43 sentence, then both ® and =® are logically equivalent
to X,+3 sentences. For item consider the sentence —®, which is logically equivalent to a II, 3
sentence . The sentence © thus has the form V¥ IyVZ VU (%, y, Z), where ¥(Z, ¥, Z) is ¥,,. The formula
U(Z,9,7) is decidable in A because A is n-decidable. Therefore [[~.A = © implies that A |= © by
Lemma The contrapositive yields that A |= ® implies that [[~ A = ®. O

Corollary below shows that Theorem item is tight in general. As mentioned above,
we recover Lo$’s theorem for all first-order sentences when we consider cohesive powers of decidable
structures. This is essentially the same as Nelson’s [20, Theorem 0.5]. See also [4].

Corollary 2.10. Let £ be a computable language, and let C' be a cohesive set.

(1) Let (A; : i € N) be a sequence of uniformly decidable £-structures, and let (v, ...,vm—1) be a
formula with all free variables displayed. Then for any [¢ol, ..., [em—1] € [T Ail,

[I A= 2(wllom-]) & CC{i: Al (po(@):-- - pm-1(D)}-

In particular, if ® is a sentence, then

[[.AEe & cc{i:AEa).

(2) If A is a decidable £-structure, then A and [[~ A are elementarily equivalent.

Proof. Item|(1)| follows from Theorem [2.7| because the structures (A; : i € N) are uniformly n-decidable
for every n. Item follows from the special case of item in which A; is A for each i. Item |(2)
also follows from Theorem item because A is n-decidable for every n. O
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We pause to point out that we can recover a version of Skolem’s countable non-standard model of
arithmetic by relativizing everything to 0), the w' Turing jump of 0. Let N = (N, 4, x, <) denote the

standard model of arithmetic. Then N is a decidable structure relative to 0). Therefore N = H%(w) N
for any C' that is cohesive relative to 0“) by the relativized version of Corollary Thus H%(w) N

is a countable non-standard model of arithmetic. The superscript 0“) in H%(w) N indicates that we
relativize the cohesive power construction to 0) by requiring that C' be cohesive for the collection of
sets that are c.e. relative to 0) and by building the cohesive power from functions that are partial
computable relative to 0.

Reducts, substructures, and disjoint unions. Cohesive products respect reducts of computable

structures. Let £ C £ be two languages, and let A be an £'-structure. Then the reduct A[£ of A

to £ is the £-structure obtained from A by forgetting about the symbols of £7\ £. If £ C £% are

computable languages and A is a computable £-structure, then A[£ is a computable £-structure.
Many of our arguments make implicit use of the following proposition.

Proposition 2.11. Let £ C £ be computable languages, let (A, : n € N) be a uniformly computable
sequence of £ -structures, and let C' be a cohesive set. Then

[1.(Aulg) = (HcAn) g,

Thus in the case of a single computable £T -structure A,

[T .Are) = (HCA) <.

Proof. The £-structures [[~(An]£) and ([] An)[£ share the same domain, which is the set of all
=c-equivalence classes [¢] of partial computable functions ¢ such that ¥n (¢(n)] — ¢(n) € |A,|) and
C C* dom(y). One then checks that the identity map is the desired isomorphism. O

Cohesive powers respect computable substructures and finite disjoint unions of computable structures.

Proposition 2.12. Let £ be a computable language with a unary relation symbol U. Let (A, : n € N)
be a uniformly computable sequence of £-structures, and suppose that {a € |A,| : A, = U(a)} forms
the domain of a computable substructure B, of A, for every m. Let C be a cohesive set. Then
{le] € [ TIc Anl : TIe An = U([¢])} forms the domain of a substructure D of [ An, and [Io By = D.

Proof. Let f be an m-ary function symbol of £, and let [¢o],...,[pm—1] be elements of {[p] €
TleAal : Tle An = U(}. Then (v%n € C) (An b A Ul@i(n), s0 (v*n € C)[An b
U(f(po(n),...,om-1(n)))] because {a € |A,| : A, = U(a)} is closed under fA» as it is the do-
main of the substructure B,,. Therefore [[ A, = U(f([¢o],--.,[¢m-1])) by Theorem item
Thus {[¢] € |[IcAn| : [IcAn = U([¢])} is closed under fIle4=. Similar reasoning shows that
[1c An = U(c) for every constant symbol ¢ of £. Thus {[¢] € | [T An| : [TeAn E U([¢])} forms the
domain of a substructure of [, Ay.

Recall that B,, is the substructure of A,, with domain {a € |A,|: A, = U(a)} for each n, and let
D be the substructure of []. A, with domain {[¢] € | An| : [TcAn = U([¢])}. In view of the
comment following Deﬁnition the domains of HC B,, and of D are in both cases the =¢-equivalence
classes of partial computable functions ¢ such that (V>°n € C)(p(n)) A UA"(¢(n))). One may then
check that the map [¢] — [p] from [[~ B, to D is an isomorphism. O

We usually apply Proposition in the case of a single computable structure A. In this situation,
the proposition says that if A is a computable structure, if {a € |A|: A }=U(a)} forms the domain of
a computable substructure B of A, and if C' is cohesive, then {[p] € |[[o Al : [To A E U([¢])} forms
the domain of a substructure D of [[, A with [[~B = D.

Definition 2.13. Let £ be a relational language, and let Ay, ..., Ax_1 be £-structures for some &k > 0.
The disjoint union of Ay, ..., Ay is the L-structure | |, ;. A; with domain (J;_,({i} x |A;|) defined
as follows. For every m-ary relation symbol R and every (io,2o), ..., (im—1,Tm-1) € | ;<) Ai|, the
relation R|—|i<k“4i((ig, 20)y- -y (tm—1,Tm—1)) holds if and only if ig = - -+ = i,,—1 = i for some i < k and
RAi(xg, ..., 2m_1) holds.
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In the case of computable £-structures Ay, ..., Ar_1 for a computable relational language £, one
may use the pairing function to compute a copy of | |;_, A;. Thus if Ay,..., Ax_; are computable
structures, then so is | |, A;.

Proposition 2.14. Let £ be a computable relational language, let Ag, ..., Ap_1 be computable
L-structures for some k > 0, and let C be cohesive. Then

I (L4) = (L)
i<k i<k

Proof. Expand £ to £t = €U {Uy,...,Ux_1}, where Uy, ...,Us_1 are k fresh unary relation symbols.

Expand | |;_;, A; to a computable L£t-structure by interpreting U; as the domain of A; for each i < k:

Ul!—l’K’c A () holds if and only if mo(z) = i. Then for each z € |||

which UM<+ () holds:

.<x Ai| there is a unique i < k for

| | Ai V2 (\/ Ui(x)> AN W) = =Uj) |- (%)

i<k i<k ij<k
i)
Furthermore, for each m-ary relation symbol R € £, if RUi<kAi(zg,... z,,_1) holds for some

, then there is an ¢ < k such that UZUK’“Ai (x;) holds for all j < m:

20, Tm—1 € | icp Ai

I_I A, li on, ey Tim—1 R(x(], . ,:):m_l) — \/ /\ Uz(l']) . (*)
i<k i<k j<m
The £*-sentences in () and are IIy, therefore J]~ (||, Ai) also satisfies all of these sentences
by Theorem item For each i < k, let D; be the £-substructure of [[~(| ;. Ai) whose
domain consists of the [¢] for which []~(l,c;Ai) = Ui([¢]). Then [[-(;cr Ai) = Licr Di as
L-structures. This is because each [¢] € |[To(Ll;<xAi)| is in |D;] for exactly one i < k; and if

RlleMUick 4 ([pg], . . ., [pm—1]) holds for an m-ary relation symbol R € £ and [po],...,[¢m_1] €
T (U;cr, Ai)|, then [@o], ..., [em—1] must all be in [D;| for the same i < k. We have that D; =
[[~ Ai as £-structures for each i < k by Proposition [2.12, so [[~ <|—|z<k: .Ai> = |icr(Tle Ai) as
L-structures. O

Saturation. There are many classical results concerning the saturation of ultraproducts. See, for
example, [2, Section 6.1]. One well-known result is that, for a countable language, ultraproducts over
countably incomplete ultrafilters are always Nj-saturated (see |2, Theorem 6.1.1]). Here we show that
cohesive products of uniformly decidable structures are always recursively saturated (which is essentially
due to Nelson [20]) and that, for n > 0, cohesive products of uniformly n-decidable structures are
always X,-recursively saturated. Furthermore, we show that if the cohesive set is assumed to be co-c.e.,
then we obtain the n = 0 case and can also squeeze one more level of saturation out of the cohesive
product: cohesive products of uniformly n-decidable structures over co-c.e. cohesive sets are always
Yn+1-recursively saturated.

We follow the terminology of |15, Section 11.2] regarding types and saturation. Beware that what we
call a type over a structure A, other authors may call a type over a finite set {cq,...,co—1} of parameters
from A. Let £ be a language, and let A be an £-structure. Consider a set p(Z) = p(zo,...,Tm—1) of
formulas of the form ®(Z;¢) = ®(xg,...,Tm-1;C0,.-.,cr—1) in the language £ U {co,...,co_1}, where
X0, ..., Tm—1 are m fixed variables and cy, ..., cy_1 are £ fixed parameters from |.A| that are identified
with fresh constant symbols. Such a set p(¥) is called a type over A if it is finitely satisfied in A: for
every ®o(Z;0),...,Pp_1(7;0) € p(Z), A 3T A\, ©i(Z:C). A type p(Z) over A is realized if there are
ag, - ..,am—1 € |A| such that for all ®(7;¢) € p(Z), A = ®(d;¢). A type p(Z) over A is a X,-type if
every formula in p(Z) is ¥,. An L-structure A is recursively saturated if it realizes every computable
type over A. Similarly, A is 3, -recursively saturated if it realizes every computable X.,-type over A.

When discussing a formula ®(Z; ¢) of a type p(Z), we write ®(&; ) for the corresponding £-formula,
with fresh variables 7 in place of the constants ¢. We sometimes write p(&; ¢) or p(Z;¥) in place of p(Z)
when we want to emphasize the type’s parameters or the corresponding variables.
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Lemma 2.15. Let £ be a computable language, let (A, : n € N) be a uniformly computable sequence
of £-structures, and let C be cohesive. Let p(¥;C) be a computable type over [~ A, with computable
enumeration (®; : i € N). Assume that the formulas

(35 N @i(@9) k€ N>
i<k
are uniformly decidable in the structures (A, : n € N). Then [[ Ay, realizes p(; C).

Proof. Let &= [t], ..., [ts—1] be the parameters of the type p(Z; ), so that
[I A3 N\ 2@ ol [ea])
i<k
for each k. To ease notation, pack 1, ...,1¥y_; into a single partial computable function ¢: N — N¢

given by ¥(n) ~ (Yo(n),...,v¥e—1(n)). Notice that C' C* dom(v)). Write m as an abbreviation for
[1/}0}7 ey [7/)6—1]-

Define a partial computable function ¢: N — N as follows. Given n, first search for the greatest
k < n such that

Ay =37 N\ 04(F 0 (n).
i<k
This search is effective on account of the uniform decidability assumption. If such a k is found, search
for the first tuple @ = (ao, ..., am—1) such that A, = A, ®i(@;¥(n)), and set ¢(n) = d. If there is
no such k, then p(n)1.

Consider a fixed k. By assumption, [[o A, | 37 Ao s <5:’; m) Thus C C* {n : A,
3% N\;<pp ®i(T;9(n))} by Lemma This means that for almost every n € C' with n > k, the initial
search in the computation of ¢(n) succeeds and finds a k with k <k < n. Thus C C* dom(yp) and

Cc* {n VT /\ @i(¢(n)§¢(n))} :

i<k
Let ¢; = m; o ¢ for each @ < m. Then [¢o],...,[¢m-1] € |[[oAn|. Let @ abbreviate the sequence
(0], -+ [@m—1]. Then [[oAn E Aicp @i (m, m> by Lemma This implies that [[, A, =
%
D, <[gp]; m> for every i. Thus [po], ..., [pm—1] realize p(Z; m) in [ An. O

Items |(1)| and |(3)| of the next theorem are essentially [20, Theorem 2.2].

Theorem 2.16. Let £ be a computable language, and let C' be a cohesive set.
(1) Let (A; :i € N) be a sequence of uniformly decidable £-structures. Then [[~ A; is recursively
saturated.

(2) Let (A; : i € N) be a sequence of uniformly n-decidable £-structures for an n > 0. Then [[~ A;
18 Y -recursively saturated.

(3) Let A be a decidable £-structure. Then [[~ A is recursively saturated.
(4) Let A be an n-decidable £-structure for an n > 0. Then [[, A is ¥, -recursively saturated.

Proof. Item follows directly from Lemma because every computably enumerable sequence of
formulas is uniformly decidable in (A; : i € N). Item also follows from Lemma If (®;:1€N)
is a computable enumeration of ¥, formulas and n > 0, then

<3f N @i(F9) k€ N>
i<k
is a computable enumeration of (formulas that are logically equivalent to) ¥,, formulas and hence is

uniformly decidable in (A; : i € N). Items and are the special cases of items and in
which A; is A for each 1. O

If we restrict to co-c.e. cohesive sets, then we can include n = 0 and improve Y,-recursive saturation

to ¥,41-recursive saturation in Theorem items and
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Lemma 2.17. Let £ be a computable language, let (A, : n € N) be a uniformly computable sequence of
L-structures, and let C be co-c.e. and cohesive. Let p(Z;C) be a computable type over [ [~ A, consisting
of formulas of the form 32 ®(Z, Z; ¢), with computable enumeration (3Z; ®;(¥, Z;; ¢) : i € N). Further
assume that the formulas (®;(Z, Zi; §) : i € N) are uniformly decidable in the structures (A, :n € N).
Then [ Ay, realizes p(Z; C).

Proof. Let &= [t],...,[t¢—1] be the parameters of the type p(Z;¢), so that
II A =37 /\kaz (7, Z; o], - - -, [the1])
1<

for each k. As in the proof of Lemma [2.15] let 1»: N — N’ be the partial computable function given
by ¥(n) ~ (Yo(n),...,¥e—1(n)). Notice that C C* dom(t)), and write m as an abbreviation for

[Yol, - [Ye]-
The goal is to partially compute a function 6: N — N™ so that C' C* dom(f) and

(3% € O)(An = 35 Bi(0(n), 2 9(n)) )
for each i. The set
{n P Ay = 37 94(0(n), 7; w<n>>}
is c.e. for each i because ®; is uniformly decidable in (A,, : n € N). Thus implies that
(< € C)(An = 35 Bi(0(n), 2 Y(n))

for each ¢ by cohesiveness. Letting p; = ;06 for each j < m, we therefore have that [¢o], ..., [pm—1] €
| TIe An| and that

[T Ax 329 (162 )

for each ¢ by Lemma Thus [@o], ..., [pm—1] realize p(T; m) in [[oAn.

The strategy for partially computing 6 is to keep track of the numbers k that are covered, meaning
that it looks like there is an n € C' with n > k such that A, = A, , 3% ®:(0(n), Zi;1p(n)). As the
computation progresses, a k that is covered may become uncovered because the n that covers it is
enumerated in the complement of C. When this happens, we note the least k that becomes uncovered,
we search for the first n > k where (n) is not yet defined, it looks like n € C, and there looks to be an
a € N such that A, &= A\, 3% ®:(d, Zi;(n)), and we attempt to cover k again by setting 0(n) = d.
This strategy eventually succeeds because if ng € C' is sufficiently large and we never choose a smaller
member of C' to cover k, then we eventually choose ng to cover either k or an even bigger number.

Formally, let W denote the c.e. set C, and let (Wj)sen be a computable C-increasing enumeration
of W. Let (Uy : k € N) be the uniformly c.e. sequence of sets given by

Uy, = {(&’,n) eEN"xN: A, = N3z @i(a,z;w(n))}
i<k
with uniformly computable C-increasing enumerations (Uy, s)sen for each k. The sequence (Uy : k € N)
is uniformly c.e. because the formulas (®; : i € N) are uniformly decidable in (A,, : n € N). Observe
that if kg < kq, then Uy, C Uy,.
To partially compute 6, we compute an increasing sequence 6y C 61 C 6 C --- of finite approxima-
tions to 6. Start at stage 0 with 6y = (). At stage s, we have 65 and we define 0, 1.
Say that n covers k at stage s if
o n >k,
o n¢ W,
e 0s(n)l, and
o (05(n),n) € Uys.
If there is an n that covers k at stage s, then also say that k is covered at stage s. Let kU be the least
number that is not covered at stage s. If s > 0, let Xs = W, \ Ws_;. Let k; be the least number, if
it exists, for which some n € X covered k! at stage s — 1 but no m < n covers k! at stage s. If k.
is defined, let ks = min{k?, k}}. Otherwise, let ks = k¥. Now search for the least n > ks such that

RN
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n ¢ W, such that 65(n)T, and such that (@,n) € Uy, s for some a. If there is such an n, let @ be the
first corresponding a, and extend 65 to 0541 by setting 0511(n) = a@. If there is no such n, then set
0s+1 = 05. Go to stage s + 1. This completes the partial computation of 6.

If n covers k at some stage s, there could be a later stage ¢ > s at which n does not cover k£ because
n € W;. However, if n € C, then n ¢ W; for every t, so k stays covered by n forever.

Claim. FEvery k is eventually covered by an n € C.

Proof of Claim. Proceed by induction on k. Let sg be a stage by which all k < k have been covered by
members of C. Let ¢ be the greatest member of C covering a k < k at stage sg, and let s; > sg be a
stage such that Wy, [c = Wec. Then ks > k at all stages s > s1. By assumption,

I, An 32 \ 35 (7.5 [4]).
i<k

and therefore

Ccc* {n A, =37 [\ 35 0 (f,zi;¢(n))}
i<k
by Lemma [2.6f To see that Lemma [2.6] applies here, pull the 3%; quantifiers out in front of the
conjunction. The resulting formula has the form 3@ ¥ (w;¢), where ¥ is uniformly decidable in
(A :n € N). Let ng be least such that ng > k, such that ng € C, such that 65, (ng)7, such that ¢(ng)J,

and such that
Ay =3 N 3% ®4(Z, 53 1) (n0)).

i<k
If 05(ng)] for the first time at some stage s > sy, it is to cover some j > k. As ng € C, we have that
ng covers j and therefore covers k at all later stages.

Let s2 > s1 be large enough so that Wy, [ng = Wng and so that there is an @ with (@, ng) € Uy s,.
Consider stage sa. If k is not covered at stage sz, then it must be that 6s,(n)1. In this case, ks, = k,
and ng is least such that ng > ks,, no ¢ Ws,, 0s,(no)7T, and (@, no) € Uy, for some @. So 0s,+1(no)
is defined to cover k at stage so.

Suppose instead that k is covered at stage so. In this case, let n; be least such that there is a stage
S3 > S9 at which nq covers k. If ny € C, then this is as desired. Otherwise, n; € W, in which case
there is a least s > s3 with n; € W,. The number ny covers k at stage s — 1, but by choice of n, no
n < np covers k at stage s. Thus k! =k, so ks = k. If 65(ng){, then ng must already cover k, as noted
above. If 05(no)T, then ng is least such that ng > kg, ng ¢ Wy, 0s(no)1, and (d@,ng) € Uy, s for some d.
S0 6s41(no) is defined to cover k at stage s. This completes the proof of the claim. ]

59752

To finish the proof, consider the formula 3Z; ®;. By the claim, every k is eventually covered by
an n € C. Thus for every k > i, there is an n > k with n € C, 6(n)], and (#(n),n) € Ux. Thus
C C* dom(€) by cohesiveness, and

(3n € C)(An b 35 8:i(0(n), 2 6:(n) )
as desired. g

Theorem 2.18. Let £ be a computable language, and let C' be a co-c.e. cohesive set.

(1) Let (A; : i € N) be a sequence of uniformly n-decidable £-structures. Then [[~A; is
Yint1-recursively saturated.

(2) Let A be an n-decidable £-structure. Then [[n A is Xy 1-recursively saturated.

Proof. Ttem follows from Lemma A computable ¥, 1-type can be computably enumerated as
(32; ®; : j € N), where ®; is II,, for every j. The formulas (®; : j € N) are then uniformly decidable
in (A; : ¢ € N) because (A; : i € N) is a uniformly n-decidable sequence of structures. Item |(2)|is the
special case of item in which A; is A for each 1. O

The n = 0 case of Theorem [2.1§] is particularly noteworthy.

Corollary 2.19. Let £ be a computable language, and let C' be a co-c.e. cohesive set.
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(1) Let (A; : i € N) be a uniformly computable sequence of L-structures. Then [[~A; is
Y1 -recursively saturated.

(2) Let A be a computable £-structure. Then [[ A is X1-recursively saturated.

Isomorphisms. Classically, an isomorphism between two structures induces an isomorphism between
the corresponding ultrapowers over a fixed ultrafilter. In the effective case, a computable isomorphism
between two computable structures induces an isomorphism between the corresponding cohesive
powers over a fixed cohesive set. This fact essentially appears in [4], but we include a proof here for
completeness.

Theorem 2.20. Let £ be a computable language, let Ay and Ay be computable L£-structures that are
computably isomorphic, and let C' be cohesive. Then [[~ Ao = [[- A1

Proof. We first prove the theorem under the assumption that £ is a relational language. Let Ay and
A; be computable £-structures, and let f: |Ag| — |.A1| be a computable isomorphism. Expand the
language to £ = £ U {Uy, Uy, Ry}, where Uy and U; are fresh unary relation symbols and Ry is a
fresh binary relation symbol. Expand Ag L A; to a computable £ -structure by interpreting Uy and
Uy as the domains of Ag and A; and by interpreting Ry as the graph of f.

e For each 7 < 2, UZ-AOL'“L‘1 () holds if and only if my(x) = i.
o R}‘lou“‘ll (x,y) holds if and only if mo(z) = 0, mo(y) = 1, and f(mi(x)) = m1(y)-

The function f is an isomorphism, so R}%"’Al is the graph of an isomorphism between 4y and Ay
as L-structures in the £¥-structure Ay U A;. That is, R has the following properties in Ag LI Aj.
e The domain of Ry corresponds to |Ao|: Va (Jy Re(x,y) < Up(x)).

e The image of Ry corresponds to [Ai|: Vy (Fx R¢(z,y) « Ui(y)).
e Ry is single-valued on its domain: VaVyoVy1 (Rs(x,y0) A Ry(z,y1) — yo = y1)-
e Ry is injective on its domain: VaoVa1Vy (Rf(zo,y) A Ry(x1,y) — 20 = 21).

e Iy respects the relations of £: for every m-ary relation symbol S € £,

Yz - Vm_1YYyo - YYm—1 ( /\ Rf(CL‘Z, yz) — (S(Cﬂo, ... ,I‘mfl) > S(yo, .. ,yml))> .
<m

The above properties constitute a collection of IIy £T-sentences that hold in AglJ.A1, so they also hold

in the cohesive power [, (Ao U A1) as an £¥-structure by Theorem [2.9|item For each i < 2, let D;

denote the substructure of [](AoLIA;) with domain given by U;: |D;| = {[¢] : [[(AollA1) E Ui([]) }-

Then [[, A; = D;[£ as an L-structure for each ¢ < 2 by Proposition|2.12, In [, (AoU.A1), RJUC(AOuAl)
is the graph of an isomorphism between the reducts Dy[£ and D;[£. Therefore [[, Ao = [[~ A1 as
L-structures.

Now suppose that £ contains constant and function symbols in addition to relation symbols. For
uniformity of argument, treat constant symbols as O-ary function symbols. Let £ be the relational
language obtained from £ by replacing each m-ary function symbol f by a fresh (m + 1)-ary relation
symbol Gy whose intended interpretation is the graph of f. We may translate any £-structure A into
an £-structure A™ with the same domain by defining

rel
G‘;l (xoa"wl‘m*lvy) And f‘A('ZUOw'wxmfl):y

for every m-ary function symbol f € £ and every xg,...,Znm—1,y € |A|. Conversely, suppose that .4
is an £rel-structure such that for every m-ary function symbol f € £, G  is the graph of a function:
Vo Ve,—13y G}“(xo, weoyTm_1,y). Then we may translate A into an £-structure A" with the

same domain by defining fAfun (zo,...,Tm—1) to be the unique y such that G;ﬁ‘(:cg, ooy Tym—1,Yy) for every
m-ary function symbol f € £ and every xg, ..., xm-1 € |A|. If A and B are isomorphic £-structures,
then the isomorphism is also an isomorphism between A™ and B as £"-structures. Conversely, if A
and B are isomorphic £"®-structures such that G ¢ is the graph of a function in both structures for
every function symbol f € £, then the isomorphism is also an isomorphism between A" and Bf" as
L-structures.
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If £ is a computable language and A is a computable £-structure, then £ is a computable language
and A" is a computable £"'-structure. Let £ be a computable language, let A and B be computably
isomorphic £-structures, and let C' be a cohesive set. Then A" and B are computably isomorphic
computable L-structures, so [[ A™ =[], B as £*-structures. For each function symbol f € £,
Gy is the graph of a function in A" and in B®. Therefore G ¢ is the graph of a function in [ [~ A and
in [ B¢ by Theorem item because the statement “G'; is the graph of a function” is expressible
by a Il £-sentence. Therefore ([, A™®)" = ([T, B®)"" as £-structures. It is straightforward to
check that [[oA™ = ([[o.A)™® and therefore that ([T, .A™)"" =[], A; and similarly for B. Thus
[[o A=l B as £-structures, as desired. O

Recall that a computable structure A is called computably categorical if every computable structure
that is isomorphic to A is isomorphic to A via a computable isomorphism. It follows from Theorem [2.20
that if A is a computably categorical computable structure and C' is cohesive, then [[~A = [[- B
whenever B is a computable structure isomorphic to A.

Corollary 2.21. Let £ be a computable language, let A be a computably categorical computable
L-structure, let B be a computable £-structure that is isomorphic to A, and let C be cohesive. Then

[I[c A=1]cB.

In Theorem [2.20] it is essential that the two structures are isomorphic via a computable isomorphism.
In Sections [ 5 and [6], we see many examples of pairs of computable linear orders that are isomorphic
(but not computably isomorphic) to w but have non-elementarily equivalent cohesive powers.

The next theorem says that decidable structures A and B are elementarily equivalent if and only if
[ A and ] B are isomorphic for every cohesive set C. It is essentially [20, Theorem 2.1}, though
we give a slightly different proof. Compare this to the Keisler—Shelah theorem, which states that, in
general, two structures are elementarily equivalent if and only if there is an ultrafilter (on a set of
appropriate size) over which the corresponding ultrapowers are isomorphic (see |2, Theorem 6.1.15]).

Theorem 2.22. Let £ be a computable language, and let A and B be decidable £-structures. Then
A = B if and only if for every cohesive set C, [[» A =[] B.

Proof. In general, say that two structures M and N have the same types (without parameters) if for

every sequence @ = ag, . . . , a;,—1 of elements of | M|, there is a corresponding sequence b= boy ...y bm_1
of elements of |N| such that for every formula ®(x, ..., x,—1) with m free variables,

M ): @(ao,...,am_l) s N ): q’(bg,...,bm_l),

and similarly with the roles of M and A reversed. Now recall [15, Corollary 15.15], which states that
if M and N are countable recursively saturated £-structures, then M = N if and only if M and N/
are elementarily equivalent and have the same types.

For the forward direction, let A and B be decidable £-structures that are elementarily equivalent, and
let C' be cohesive. Then [, A and [[, B are countable, are elementarily equivalent by Corollary
(which yields that [[ A = A= B = [[B), and are recursively saturated by Theorem Thus to
conclude that [[~ A =[] B, it suffices to show that [[~.A and [[ B have the same types.

We show that for every [pol, ..., [¢m-1] € [[[oAl, there are [, ..., [¥m-1] € |[[o B| with the
same type. A symmetric argument shows that the same holds with the roles of A and B reversed.
As in the proofs of Lemmas and let o: N — N™ be the partial computable function

o(n) =~ (po(n),...,om-1(n)), and let [p] denote [po],...,[Pm—1]. Note that C' C* dom(yp). Let
(®;(Z) : i € N) be a computable enumeration of all formulas with m free variables.

Define a partial computable function ¥: N — N™ as follows. If ¢(n)l, then for each i < n, use
the decidability of A to determine whether A = ®;(¢(n)). If A = ®;(p(n)), let ©; = &;; and if
A ®i(p(n)), let ©; = =®;. Then (n) witnesses that A = 37 A\, ©;(Z), so B = 37 A\, ©:()
because B = A. By the decidability of B, search for the first b such that B = A... 0;(b), and define
(n) = b. On the other hand, if p(n)1, then ¥ (n)1.

Consider the formula ®;, and suppose that [[~A = ®; ([;j) Then C C* {n: A= ®;(p(n))} by

Corollary Thus for sufficiently large n > ¢ with n € C, we have that ©; = ®; in the computation
of ¥(n), and therefore ¢(n) is defined so that B = ®;(¢)(n)). Thus C C* {n : B = ®;(¢(n))}.

Letting ¢; = m; o4 for each j < m yields that [[oB = @; ([1/1) by Corollary [2.10L If instead

i<n
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[Ic A E 2 <m>, then [[~B E —®; <m> by a similar argument. Thus [¢g],...,[tm-1] has in
[ [ B the same type that [¢o], ..., [¢m—1] has in [][, A, as desired.

For the converse, let A and B be decidable £-structures, and suppose that [[~.A =[] B for every
cohesive set C. Fix any cohesive set C. Then A=][[-A =[], B = B by Corollary 2.10} O

Again, the decidability assumption in Theorem [2.22]is essential, as we shall see examples of isomorphic
(and hence elementarily equivalent) computable linear orders having non-elementarily equivalent (and
hence non-isomorphic) cohesive powers. We shall also see examples of non-elementarily equivalent
computable linear orders having isomorphic cohesive powers.

3. LINEAR ORDERS AND THEIR COHESIVE POWERS

We investigate the cohesive powers of computable linear orders, with special attention to computable
linear orders of type w. A linear order L = (L, <) consists of a non-empty set L equipped with a
binary relation < satisfying the following axioms.

o Vz(x A ).

o VaVyVz[(z <yANy<z) = =<z

o VaVy(x <y Ver=yVy=<z).
Additionally, a linear order L is dense if VaVy3z(x <y — x < z < y) and has no endpoints if
Vr3dy3z (y < ¢ < z). Rosenstein’s book [21] is an excellent reference for linear orders.

For a linear order £ = (L, <), we use the usual interval notation (a,b)s ={z € L:a < z < b} and
[a,b], ={x € L:a <z =< b} to denote open and closed intervals of £. Sometimes it is convenient to
allow b < @ in this notation, in which case, for example, (a,b), = 0. The notation |(a,b).| denotes the
cardinality of the interval (a,b)s. The notations min.{a,b} and max~{a,b} denote the minimum and
maximum of ¢ and b with respect to <.

As is customary, w denotes the order-type of (N, <), ¢ denotes the order-type of (Z, <), and n denotes
the order-type of (Q, <). That is, w, ¢, and 7 denote the respective order-types of the natural numbers,
the integers, and the rationals, each with their usual order. We refer to (N, <), (Z, <), and (Q, <) as
the usual presentations of w, ¢, and 7, respectively. Recall that every countable dense linear order
without endpoints has order-type 1 (see |21, Theorem 2.8]). Furthermore, every computable countable
dense linear order without endpoints is computably isomorphic to (Q, <) (see [21, Exercise 16.4]).

To help reason about order-types, we use the sum, product, and reverse of linear orders as well as
condensations of linear orders.

Definition 3.1. Let £y = (Lo, <z,) and £1 = (Lo, <, ) be linear orders.

e The sum Lo+ Ly of Ly and L, is the linear order S = (5, <s), where S = ({0} x Lo)U({1} x L;)
and

(i,x) <s (j,y) ifandonlyif (i<j)V (i=jAz=<g9).

e The product LoL1 of Ly and L; is the linear order P = (P, <p), where P = L; x Ly and
(z,a) <p (y,b) ifand only if (x <z, y) V (x =y A a=<g,Db).

Note that, by (fairly entrenched) convention, £oL£; is given by the product order on L; x Ly,
not on LO X Ll.

e The reverse L of Ly is the linear order R = (R, <g), where R = Ly and = < y if and only
if y <z, . (We warn the reader that the x in the notation L is unrelated to the * in the
notation X C*Y.)

If £y and £ are computable linear orders, then one may use the pairing function to compute copies
of Lo+ L1 and LyL,. Clearly, if £ is a computable linear order, then so is L*.

Definition 3.2. Let £ = (L,<,) be a linear order. A condensation of L is any linear order
M = (M, <) obtained by partitioning L into a collection M of non-empty intervals and, for intervals
I,J € M, defining I < J if and only if (Va € I)(Vb € J)(a <2 b).

The most important condensation is the finite condensation.
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Definition 3.3. Let £ = (L, <) be a linear order. For z € L, let cp(z) denote the set of y € L for
which there are only finitely many elements between x and y:

cr(x) = {y € L : the interval [min<£ {z,y}, max<£{x,y}]£ in L is ﬁnite}.

The set cp(x) is always a non-empty interval because = € cp(x). The finite condensation cy(L) of L is
the condensation obtained from the partition {cp(z) : = € L}.

For example, cp(w) =2 1, cp() = 1, cp(n) = n, and cp(w + (n) = 1 + 7. Notice that for an element
x of a linear order £, the order-type of cp(x) is always either finite, w, w*, or (.

We often refer to the intervals that comprise a condensation of a linear order as blocks. For the finite
condensation of a linear order £, a block is a maximal interval I such that for any two elements of I,
there are only finitely many elements of £ between them. For elements a and b of £, we write a < b if
the interval (a,b), (equivalently, the interval [a,b],) in L is infinite. For a <. b, we have that a < b
if and only if @ and b are in different blocks. See [21, Chapter 4] for more on condensations.

Let C be a cohesive set. It follows from Theorem that if (£, : n € N) is a uniformly computable
sequence of linear orders, then [[~ £, is again a linear order because linear orders are axiomatized
by II; sentences. Likewise, if (£, : n € N) is a uniformly computable sequence of dense linear orders
without endpoints, then [[~ £, is again a dense linear order without endpoints because dense linear
orders without endpoints are axiomatized by Il sentences. In particular, if £ is a computable linear
order, then [ £ is a linear order; and if £ is a computable dense linear order without endpoints, then
[I- £ is a dense linear order without endpoints.

The case of Q = (Q, <) is curious and deserves a digression. We have seen that if A is a finite
structure, then A = [[~ A for every cohesive set C. For Q, [[-Q is a countable dense linear order
without endpoints, and hence isomorphic to Q, for every cohesive set C. Thus Q is an example of an
infinite computable structure with Q = [[~ Q for every cohesive set C. That Q is isomorphic to all
of its cohesive powers is no accident. By combining Theorem with the theory of Fraissé limits
(see |14, Chapter 6], for example), we see that a uniformly locally finite ultrahomogeneous computable
structure for a finite language is always isomorphic to all of its cohesive powers. Recall that a structure
is locally finite if every finitely-generated substructure is finite and is uniformly locally finite if there is
a function f: N — N such that every substructure generated by at most n elements has cardinality
at most f(n). Notice that every structure for a finite relational language is uniformly locally finite.
Also recall that a structure is ultrahomogeneous if every isomorphism between two finitely-generated
substructures extends to an automorphism of the whole structure.

Proposition 3.4. Let A be an infinite uniformly locally finite ultrahomogeneous computable structure
for a finite language, and let C' be cohesive. Then A= T1] A.

Proof. The structure A is ultrahomogeneous, so it is the Fraissé limit of its age (i.e., the class of all
finitely-generated structures embeddable into .A). By [14, Theorem 6.4.1] and its proof, the first-order
theory of A is Rg-categorical and is axiomatized by a set T of Il sentences. Thus if B is any countable
model of T', then A = B. We have that [[,.A = T by Theorem item so A= [[- A O

Proposition implies that if a uniformly locally finite computable structure for a finite language is
a Fraissé limit, then it is isomorphic to all of its cohesive powers. Thus computable presentations of
the Rado graph and the countable atomless Boolean algebra are additional examples of computable
structures that are isomorphic to all of their cohesive powers. Examples of this phenomenon that
cannot be attributed to ultrahomogeneity appear in Sections [4] and [5]

Returning to linear orders, it is helpful to recall the following well-known lemma stating that a
strictly order-preserving surjection from one linear order onto another is necessarily an isomorphism.

Lemma 3.5. Let L = (L, <z) and M = (M, <) be linear orders. If f: L — M 1is surjective and
satisfies (Vx,y € L)(z <y — f(x) <m f(y)), then f is an isomorphism. O

Cohesive powers commute with sums, products, and reverses.

Theorem 3.6. Let Ly and L1 be computable linear orders, and let C' be cohesive. Then
(1) Tle(Lo + L1) =[] Lo+ e L1,
(2) Te(LoL) = (T Lo) (¢ £1), and
(3) Te(£5) = (Te £o)™
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Proof. We give proofs in the style of that of Theorem For alternate proofs, see |9, Theorem 6].
For let M = Lo+ L1. Expand the disjoint union £y Ll £1 LI M by adding unary relation symbols

Lo, Ly, and M that are interpreted as |Lol, |£1|, and |[M|; and by adding a 2-ary relation symbol Ry

that is interpreted as the graph of the function f: |Lo U L1| — |M] inside Lo U L1 L M given by

f((i,x)) = (2, (i, 2))
for each ¢ < 2. In Lo U £y UM, the < relation is a linear order when restricted to |Lo|, |£1], or |[M].

Furthermore, Ry is the graph of a function f from |L£o U L] onto |[M| with the following properties,
which together witness that M = Ly + £ as linear orders.

o VaVy[(Lo(z) A Lo(y) Az <y) = f(z) < f(y)].

o VaVy[(Li(z) A Li(y) Az =<y) = f(z) < f(y)].

o Vavy[(Lo(z) A Li(y) — f(z) < f(y)]-
All of the above is expressible by a Il sentence. By Proposition the substructures of [[~(LoULq U
M) corresponding to Lo, L1, and M are isomorphic to [[~ Lo, [ [ £1, and [[~ M. By Theorem

item [l Lo, [Io £1, and [[ M are linear orders as {<}-structures, and R}:IC(EOULMM) yields
a function from | []. Lo U] £1] onto | [ M| witnessing that []o M =[], Lo + [[ £1 as linear
orders. Thus [[~(Lo+ £1) =[x Lo+ [[c L1

For let M = LoL1. Expand the disjoint union Ly U £1 LI M by adding unary relation symbols
Ly, L1, and M that are interpreted as |Lol, |[£1], and |[M]; and by adding a 3-ary relation symbol Ry
that is interpreted as the graph of the function f: |£1] X [Lo| — |M| inside Lo LI £1 LU M given by

f((1,2),(0,a)) = (2,(z,a)).
In Lo U Ly UM, the < relation is a linear order when restricted to |Ly|, |£1], or |[M|. Furthermore,

Ry is the graph of a function f from [£1] x [Lo| onto | M| with the following property, which witnesses
that M = L£yL1 as linear orders.

VaVbvaVy [(Lo(a) A Lo(b) A Li(x) A LI(Z/)) —

(f(x,a)%f(y,b) < (z=<yV (wzy/\a%b)))}

All of the above is expressible by a IIs sentence. By Proposition the substructures of [ [~ (Lo LU
M) corresponding to Lo, L1, and M are isomorphic to [[~ Lo, [[o £1, and [[ M. By Theorem
item [Ic Lo, I £1, and [] M are linear orders as {<}-structures, and R}:IC@OU&UM) yields a
function from | [ £1| x | T]c Lo onto | ] M| witnessing that [T M = (T Lo) ([1e £1) as linear
orders. Thus [[~(LoL1) = ([T Lo) (TTe £1)-

For let M = L{. Expand the disjoint union £y L M by adding unary relation symbols Ly and
M that are interpreted as |L£g| and |[M]; and by adding a 2-ary relation symbol R; that is interpreted
as the graph of the function f: |Lg| — |M] inside Ly LI M given by f({0,z)) = (1,z). In Lo LU M, the
< relation is a linear order when restricted to |Lg| or M|, and Ry is the graph of a function f from
|Lo| onto | M| such that

Va¥y [(Lo(z) A Lo(y) Az <y) = f(y) < f(=)],

which witnesses that M = L as linear orders. All of the above is expressible by a Il sentence. By
Proposition the substructures of [[~(Lo U M) corresponding to Ly and M are isomorphic to
[l Lo and [[o M. By Theorem [2.9]item [I- Lo and [[o M are linear orders as {<}-structures,

and R}l:IC(ﬁ()UM) yields a function from |[]. Lo| onto | ] M| witnessing that []» M = ([]o Lo)" as
linear orders. Thus [[(£f) = ([1o Lo)" O

Sections [4] [ and [6] concern calculating the order-types of cohesive powers of computable copies of
w. To do this, we must be able to determine when one element of a cohesive power is an immediate
successor or immediate predecessor of another, and we must be able to determine when two elements
of a cohesive power are in different blocks of its finite condensation.

In a cohesive power [[~ £ of a computable linear order L, [¢] is the immediate successor of [1)] if
and only if p(n) is the immediate successor of ¥ (n) for almost every n € C. Therefore also [¢] is the
immediate predecessor of [¢] if and only if 1(n) is the immediate predecessor of p(n) for almost every
neC.
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Lemma 3.7. Let (L, : n € N) be a uniformly computable sequence of linear orders, let C' be cohesive,
and let [1] and [p] be elements of [[- Ln. Then the following are equivalent.

(1) [¢] is the <1, ¢, -immediate successor of [].
(2) (V°n € C)(¢(n) is the <, -immediate successor of (n)).
(3) (3*°n € C)(p(n) is the <z, -immediate successor of (n)).

Proof. That x is the <-immediate successor of y is a I property of x and y. Therefore items |(1)]
and are equivalent by Theorem item [(3)} The set
{n : p(n) is the <., -immediate successor of 1(n)}

is the intersection of a c.e. set and a co-c.e. set, so items and are equivalent by cohesiveness. [l

Lemma 3.8. Let (L, : n € N) be a uniformly computable sequence of linear orders, let C' be cohesive,
and let [¢] and [p] be elements of [[o Ln. Then the following are equivalent.

(1) [¥] <11 22 l2)-
(2) limpec |[(¥(n), v(n))z,| = oo.
(3) limsup,,cc |(¥(n), (n))c,| = .
Proof. We show that the following are equivalent for each fixed k € N.

@) () [eDr1e 2.l = &
(if) (voon € ) ([(¥(n), ¢(n))c,| = k).
(it}) (3%n € C)(|(@(n), p(n)c, | > k).
That an interval (x,y) in a linear order contains at least k distinct elements for a fixed k is a 3

property of x and y. Therefore items and are equivalent by Theorem item The set

{n:|(¥(n),p(n))c,| >k} is c.e., so items and are equivalent by cohesiveness.
It now follows that items |[(1)H(3)| are equivalent. Item |(1)| holds if and only if item |(i)| holds for every

k; item holds if and only if item holds for every k; and item holds if and only if item |(iii)|
holds for every k. O

The finite condensation of a cohesive product of computable linear orders by a co-c.e. cohesive set is
always dense.

Theorem 3.9. Let (L, : n € N) be a uniformly computable sequence of linear orders, and let C be a
cohesive set. If either (L, : n € N) is uniformly 1-decidable or C is co-c.e., then cr([[- L) is dense.

Proof. The cohesive product [[~ L, is Xi-recursively saturated by Theorem item in the
uniformly 1-decidable case and by Corollary item in the co-c.e. case. Thus it suffices to show
that if M = (M, <) is a Xj-recursively saturated linear order, then cp(M) is dense. To see this,
let a,b € M be such that a <y b. For each k € N, let ®x(z;a,b) be the following formula (with
parameters a and b) expressing that there are at least k elements between a and x and at least k
elements between x and b:

Op(z;0,0) = FFz(a<pmz=<ma) A FFz(x <2 < b).

Let p(z) = {®x(x;a,b) : k € N}. Then p(z) is a computable set of ¥; formulas. Furthermore, p(x)
is a type over M because the interval (a,b)r is infinite. Therefore p(z) is realized by some ¢ € M
because M is Xj-recursively saturated. Thus the intervals (a,c) and (¢, b) o are both infinite, so
a < pm ¢ <pm b Tt follows that cp(M) is dense. O

4. COHESIVE POWERS OF COMPUTABLE COPIES OF w

We investigate the cohesive powers of computable linear orders of type w. Observe that an infinite
linear order has type w if and only if every element has only finitely many predecessors. We rely on this
characterization throughout. Though not part of the language of linear orders, every linear order £ has
an associated immediate successor relation S* C |£| x |£|, where S*(a, b) holds for a,b € |£| if and
only if b is the <,-immediate successor of a. As explained in |19, Section 3], a computable linear order
L is 1-decidable if and only if the immediate successor relation S* is computable. It is straightforward
to check that a computable copy £ of w is computably isomorphic to the usual presentation (N, <) if
and only if S* is computable. Thus the computable copies of w that are computably isomorphic to the
usual presentation are exactly the 1-decidable copies of w.
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We show that if £ is a computable copy of w that is computably isomorphic to the usual presentation,
then every cohesive power of £ has order-type w + (1 (Theorem . This is to be expected because
w 4+ (n is familiar as the order-type of every countable non-standard model of Peano arithmetic
(see |15, Theorem 6.4]). However, being computably isomorphic to the usual presentation is not a
characterization of the computable copies of w having cohesive powers of order-type w + (n. We show
that there is a computable copy of w that is not computably isomorphic to the usual presentation, yet
still has every cohesive power isomorphic to w+ ¢n (Theorem [4.7). Thus to compute a copy of w having
a cohesive power not of type w+ (1, one must do more than simply arrange for the immediate successor
relation to be non-computable. We show that for every cohesive set C, there is a computable copy £
of w such that the cohesive power [[~ £ does not have order-type w + (7 (Theorem . However,
we also show that whenever £ is a computable copy of w and C' is a co-c.e. cohesive set, the finite
condensation cp(] [~ £) of the cohesive power [[~ £ always has order-type 1 + n (Theorem {4.4)).

First, a cohesive power of a computable copy of w always has an initial segment of order-type w.

Lemma 4.1. Let £ be a computable copy of w, and let C be cohesive. Then the image of the canonical
embedding of L into [[~ L is an initial segment of [[~ L of order-type w.

Proof. Let ag < a1 <¢ ag <z -+ be the (not necessarily computable) listing of |£| in < -increasing
order. The image of the canonical embedding consists of those elements of the form [¢)g, |, where 1),, is
the total computable function with constant value ay.

For each k € N, we have that £ = 3=%x (v <. ay,) and therefore that (V*°n € C)(37*2)(z <2 ¥, (n)).
Thus also [[ £ E (37*2)(z < ¢ [¥a,]) by Theorem [2.9 item That is, for each k£ € N, there are
exactly k many elements of [[ £ that are <py_ g-below [tbs,]. Thus [¢a,] <17, £ [Yar] <112 -~ 15 an
initial segment of [[~ £ of order-type w. O

Let £ be a computable copy of w, let C be cohesive, and let ¢: N — |£| be any total computable
bijection. Then [p] is not in the image of the canonical embedding of £ into [[~ £, so it must be
<1, c-above every element in the image of the canonical embedding. Thus [[~ £ is of the form w + M
for some non-empty linear order M. By analogy with the terminology for models of arithmetic, we
call the elements of the w-part of [[~ £ (i.e., the image of the canonical embedding) standard and
the elements of the M-part of [[~ £ non-standard. In terms of the finite condensation, we have that
cr([]o £) = 1+ N for some linear order AV. Call the block corresponding to 1 the standard block and
the blocks corresponding to N the non-standard blocks. Lemma [£.3] below implies that A is always
infinite and therefore that M is always infinite as well.

Lemma 4.2. Let L = (L, <) be a computable copy of w, let C be cohesive, and let [p] be an element
of [1o £. Then [¢] is non-standard if and only if liminf,cc ¢(n) = oco.

Proof. If [¢] is standard, then ¢ is eventually constant on C, so liminf,ec ¢(n) is finite. Conversely,
suppose that liminf,cc ¢p(n) = k is finite. Then (3*°n € C)(p(n) = k). By cohesiveness, it must
therefore be that (V>°n € C)(¢(n) = k). That is, ¢ is eventually constant on C, so [¢] is standard. [

In Lemma the condition liminf,cc ¢(n) = oo may be replaced by either lim,cc ¢(n) = oo
or limsup, ¢ p(n) = oo because if C' is cohesive, ¢ is partial computable, and C' C* dom(y), then
liminf,cc p(n) = oo, limyec p(n) = oo, and limsup,,c p(n) = oo are all equivalent conditions.

The following Lemma says that if £ is a computable copy of w and C' is cohesive, then [[~ £
has neither a least nor a greatest non-standard block. If £ is 1-decidable or C is co-c.e., then this can
be proved by a saturation argument similar to that given in the proof of Theorem [3.9] Instead, we give
a hands-on proof that works for all computable £ = w and all cohesive C'.

Lemma 4.3. Let L = (L,<r) be a computable copy of w, let C be cohesive, and let [¢] be a non-
standard element of [[o L. Then there are non-standard elements [¢p~] and [T of []o L with

7] <110 2 [9] <1102 [7]

Proof. Let (¢; : i € N) be a computable enumeration of L. Compute a sequence zo <z 1 <, T2 <1
- that is cofinal in £ by letting ¢ = fo and by letting each z;;; be the <-least number with
max~,{z;,{;} <¢ xi+1. Such an ;1 always exists because £ has no <,-maximum element.
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Consider a non-standard [¢] € | [[ £]. Define partial computable functions ¢, %% : N — L by

oy Jr ifxe 2pp(n) < Taite
V) = {T if p(n)t

T if ()t

The element [¢p] is non-standard, so (Vi)(V>°n € C)(z2; =< ¢(n)). Thus (Vi)(V>*°n € C)(z; =<¢
¥~ (n)), so [¢p7] is non-standard as well. Moreover, if xo; =g @(n) <, T2it2, then ¥~ (n) =
x;, and therefore |(¢v~(n),¢o(n))e| > i — 1 because wji1,...,x2i-1 € (¥~ (n),p(n))s. Therefore
limsup,cc [(¥7(n), p(n))c| = oo, so [¥7] <71, [¢] by Lemma Similar reasoning shows that

[v] <11 [¥7F]. Thus [7] <12 [9) <11, £ [ O

If the computable linear order £ is 1-decidable or the cohesive set C' is co-c.e., then between any
two blocks there is a third. We therefore have the following theorem.

Wt (n) ~ {wm’ if 2, 2 p(n) <c iy

Theorem 4.4. Let L be a computable copy of w, and let C' be a cohesive set. If either L is 1-decidable
or C is co-c.e., then cp([ [~ L) has order-type 1 + 1.

Proof. By Lemma the standard elements of [[. £ form an initial block. By Theorem and
Lemma the non-standard blocks of [[~ £ form a countable dense linear order without endpoints.
Thus cp([[ £) =1 +1. O

Thinking in terms of blocks, showing that a linear order M has type w 4 (n amounts to showing
that M consists of an initial block of order-type w followed by densely (without endpoints) ordered
blocks of type (.

Theorem 4.5. Let L be a computable copy of w that is computably isomorphic to the usual presentation,
and let C' be cohesive. Then [[~ L has order-type w + (1.

Proof. As explained above, it follows from [19, Section 3] that a computable copy £ of w is computably
isomorphic to the usual presentation if and only if £ is 1-decidable. Thus we show that if £ is a
1-decidable copy of w and C'is cohesive, then [[, £ = w + (7.

Let £ be a 1-decidable copy of w, and let C be cohesive. By Lemma and Theorem [l £
consists of an initial standard block of order-type w followed by a densely (without endpoints) ordered
collection of non-standard blocks. It remains to show that each non-standard block has order-type
¢. To do this, it suffices to show that every non-standard element of [[~ £ has an <[l c-immediate
successor and an ~Ie c-immediate predecessor.

Let [¢] € [T £]. As £ = w, we have that

(V*°n € C)(L k= 3z (z is the <-immediate successor of ¢(n))).

The linear order £ is 1-decidable and the relevant formula is X9, so [¢] has a =l c-immediate successor
in [[ £ by the n = 1 case of Theorem item (1)} Now additionally suppose that [¢] is not the
<[l c-least element of [l £. Then for almost every n € C, ¢(n) is not the < -least element of L.
Therefore

(V*n € C)(L k= 3z (z is the <-immediate predecessor of ¢(n))),

so [¢] has an <y, c-immediate predecessor in [ [ £ by Theorem [2.9] item It follows that if [¢] is
non-standard, then it has both an < r-immediate successor and an I c-immediate predecessor in
[I- £, which completes the proof. [l

We can calculate the order-types of the cohesive powers of many other computable presentations of
linear orders by combining Theorems and the fact that [[,Q = 7.

Example 4.6. Let C be a cohesive set. Let N, Z, and Q denote the usual presentations of w, ¢, and 7.
(1) [Te N* = (n+ w*: This is because

HCN* = (HCN)* = (w+d)" = M+w'



ON COHESIVE POWERS OF LINEAR ORDERS 23

(2) I Z = ¢n. This is because Z is computably isomorphic to N* + N, so
[,z =l v+N = [[ N +][ N = (@+w)+ @+ = h++n = O

(3) T1o(ZQ) = ¢n. This is because
[I.zo = (I1.2) (I[.Q) = ¢ = o

4) TIc(N+ZQ) = w + ¢n. This is because
[[.n+zQ) = [[ N+]].2Q) = (w+n)+n = w+in

Recall that, by Proposition an ultrahomogeneous computable structure for a finite relational
language, like the computable linear order Q, is isomorphic to each of its cohesive powers. Notice,
however, that the computable linear orders ZQ and N + ZQ are not ultrahomogeneous, yet never-
theless are isomorphic to each of their respective cohesive powers. Thus it is also possible for a
non-ultrahomogeneous computable structure to be isomorphic to each of its cohesive powers.

Notice also that [[~ N and [[~(N+ZQ) both have order-type w4+ (7. Similarly, [[~Z and [[~(ZQ)
both have order-type (n. Thus it is possible for non-isomorphic linear orders to have isomorphic
cohesive powers. In Section [5] we give an example of a pair of non-elementarily equivalent linear orders
with isomorphic cohesive powers.

Now we give an example of a computable copy of w that is not computably isomorphic to the usual
presentation, yet still has all its cohesive powers isomorphic to w + (7.
Theorem 4.7. There is a computable copy L of w such that
e L is not computably isomorphic to the usual presentation of w, yet
o for every cohesive set C, the cohesive power [[~ L has order-type w + (n.
Proof. We use a classic example of a computable copy of w with a non-computable immediate successor
relation. Fix any non-computable c.e. set A, and let f: N — A be a computable bijection. Let

L = (N, <) be the linear order obtained by ordering the even numbers according to their usual order
and by setting 2a <z 2k + 1 <, 2a + 2 if and only if f(k) = a. Specifically, define

2¢c <, 2d & 2c < 2d

2c <r 2k + 1 & c< f(k)
2k +1 <¢ 2¢ =3 f(k) <c
2k+1=<,20+1 & f(k) < f(0).

Then £ is a computable linear order of type w. Let S* denote the immediate successor relation of
L. Then A <t S* (in fact, A =1 S*) because a € A if and only if =S*(2a,2a + 2). Thus S* is not
computable, so £ is not computably isomorphic to the usual presentation of w.

Let C be cohesive. We show that [[, £ = w + (7. To do this, expand the language to {<, E, R},
where E is a unary relation and R is a binary relation. Expand £ by interpreting F as the evens and
by interpreting R as the immediate successor relation among the evens:

Ef(a) & a=2n for some n
R(a,b) < a=2nandb=2n+2 for some n.

Now consider the substructure B of £ with domain {a € |£|: EX(a)} and the substructure D of [ £
with domain {[¢] € |[Io £] : EXle£([¢])}. As a linear order, B is computably isomorphic to the usual
presentation of w. Therefore D = [ B = w+(n as linear orders by Proposition and Theorem (4.5
In £, if z is not in the substructure B, then z is the unique element </-between two consecutive

elements of B. That is, £ satisfies the following IIs sentences.

LEVz[-E(z) = J23y (R(z,y) ANz <2<y

L E=EVeVyVzoVz [(R(z,y) Nz <20 <y Nz <z <Yy) = 20 = 21].
By Theorem item [[ £ also satisfies these sentences. Thus in [[- £, if some [¢] is not in
the substructure D, then [p] is the unique element =l c-between two consecutive elements of D. As
D = w + (n, we may conclude that [[~ £ = w + (n as well. O
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Now we show that for every cohesive set C, there is a computable copy £ of w such that [~ £ is not
isomorphic, indeed, not elementarily equivalent, to w 4 (1. The strategy is to arrange for the element
[id] of [ £ represented by the identity function id: N — N to have no <y, c-immediate successor.
This exhibits an elementary difference between [[~ £ and w + (7 because every element of w + (n has
an immediate successor. This also shows that Theorem item [(3)| is tight: “every element has an
immediate successor” is a II3 sentence that is true of £ but not of [~ L.

Theorem 4.8. Let C' be any cohesive set. Then there is a computable copy L of w for which [ L is
not elementarily equivalent (and hence not isomorphic) to w + (n.

Proof. Let (pe)een denote the usual effective list of all partial computable functions, and recall that
©e,s(n) denotes the result of running ¢, on input n for s computational steps. We compute a linear
order £ = (N, <) of type w such that for every ¢,:

(Vn € C)[pe(n)l = (pe(n) is not the <z-immediate successor of n)]. (%)

By Lemma achieving for . ensures that [pc] is not the <y, c-immediate successor of [id]
in [, L. Therefore, achieving for every ¢, ensures that [id] has no <[l c-immediate successor in
[I- £. Thus [[ £ is not elementarily equivalent to w + (n because every element of w + (n has an
immediate successor, which is a Il3 property.

Fix an infinite computable set R C C. Such an R may be obtained, for example, by partitioning N
into the even numbers Ry and the odd numbers R;. By cohesiveness, C' C* R; for either i =0 ori =1,
in which case R;_; C* C. Thus we may take R to be an appropriate tail of Ry_;.

Define <, in stages. By the end of stage s, <, will have been defined on X3 x X for some finite
Xs 2{0,1,...,s}. As the construction progresses, at some stage we may notice an e and n such that
©ve(n) = a looks like the <-immediate successor of n, where n may or may not be in C. In this case,
we want to add an m to the order and set n <, m <, a to help achieve for pe. If we choose an
m that may be in C, then at some later stage there may be an i for which ¢;(m) = a looks like the
< c-immediate successor of m, and then we would want to add another element <,-below a. If this
happens infinitely often, then we would add infinitely many elements <,-below a, in which case L
would not be a copy of w. We avoid this problem by choosing m from R, which is safe because R C C.
Since we know that m ¢ C, we do not need to worry about it when trying to achieve .

At stage 0, set Xo = {0} and define 0 A, 0. At stage s > 0, start with X, = X,_;, and update X,
and <, according to the following procedure.

(1) If <, has not yet been defined on s (i.e., if s ¢ X;), then update X to X U {s} and extend
<, to make s the < -greatest element of Xj.

(2) Consider each (e,n) < s in order. For each (e,n) < s, if

(a) @es(n)) € X,
(b) @e(n) is currently the < -immediate successor of n in X,
(¢c) n¢ R, and
(d) n is not <g-below any of 0,1,... e,
then let m be the <-least element of R\ X, update X, to Xs; U {m}, and extend <. so that
n <rm =g e(n).
This completes the construction.

We claim that for every k, there are only finitely many elements <,-below k. It follows that £
has order-type w. Say that ¢. acts for n and adds m when <, is defined on an m € R to make
n < m =<z pe(n) as in Let so be a stage with £ € X,,. Suppose at some stage s > sp, an m is
added to Xy and m <, k is defined. This can only be due to a ¢, acting for an n ¢ R and adding m
at stage s. Thus at stage s, it must be that n <, k because n <, m <, k. Therefore it must also be
that e < k, for otherwise k£ would be among 0,1, ..., e, and condition @ would prevent the action of
pe. Furthermore, m is chosen from R, so only elements of R are added < -below k after stage so. All
together, this means that an m can only be added < -below k after stage sop when a ¢, with e < k
acts for an n <, k with n ¢ R. Each ¢, acts at most once for each n, and no new n ¢ R appears
<r-below k after stage sg. Thus after stage sg, only finitely many m are ever added < .-below k.

Finally, we claim that is satisfied for every .. Given e, let ¢ be the <,/-maximum element of
{0,1,...,e}. Observe that almost every n € N satisfies n >, ¢ because £ = w. So suppose that n >, ¢
and n € C. If p.(n)], let s be large enough so that (e,n) < s, pes(n)l, n € Xy, and @e(n) € X;.
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Then either ¢(n) is already not the <,-immediate successor of n at stage s + 1, or at stage s + 1
the conditions of [(2)] are satisfied for (e,n), and an m is added such that n <z m <z @e(n). This
completes the proof. O

Corollary 4.9. Theorem item |(3) cannot be improved in general: there is a computable linear
order L, a cohesive set C, and a I3 sentence ® such that L = @, but [[ L = ®.

Proof. Let C be any cohesive set, and let £ be a computable copy of w as in Theorem for C. Let
® be a II3 sentence in the language of linear orders expressing that every element has an immediate
successor. Then £ |= @, but [[, L = . O

Corollary may also be deduced from Lerman’s proof of Feferman, Scott, and Tennenbaum’s
theorem that no cohesive power of the standard model of arithmetic is a model of Peano arithmetic
(see |16, Theorem 2.1]). Lerman uses Kleene’s T' predicate to give a somewhat technical example of a
II3 sentence that holds in the standard model of arithmetic but fails in every cohesive power. Our
proof of Corollary is more satisfying because it witnesses the optimality of Theorem item
with a natural I3 sentence in the simple language of linear orders. In the next section, we enhance
the construction of Theorem to compute a copy £ of w with [[~ £ = w + 7 under the additional
assumption that the given cohesive set C' is co-c.e.

Finally, we show that Theorem concerning cohesive products is also tight by uniformly computing
a sequence of finite linear orders (£, : n € N) such that for every cohesive set C, the cohesive product
[I £x is a linear order with no maximum element. Thus the ¥, sentence “there is a maximum element”
is true in £, for each n (because each L, is finite), whereas the Iy sentence “there is no maximum
element” is true in [[, £, for every cohesive set C. Although each linear order £,, has a maximum
element, the sequence of maximum elements is not computable.

Proposition 4.10. There is a uniformly computable sequence of finite linear orders (L, : n € N) such
that for every cohesive set C, the cohesive product [[~ Ly, is a linear order with no mazimum element.
Therefore Theorem cannot be improved in general.

Proof. For each n, let L,, = (L,, <) be the linear order with domain
L, ={0}U{t: (Je <n)(Is < t)(t = s+ e,s(n) + 1, where s is least such that ¢ s(n)])}

that is ordered by the usual order by taking < equal to < on L,,. To compute whether a given ¢t > 0 is
in Ly, first run ¢.(n) for t steps for each e < n. Then for each such p.(n) that halts within ¢ steps,
find the s such that ¢.(n) halts in exactly s steps, and compute the number s + p.(n) + 1. If any of
these numbers is ¢, then ¢ € L,,. Otherwise t ¢ L,,. Notice that each e < n contributes at most one
element t to L,, so £, has at most 1 + n elements.

Let C be cohesive, and consider an element [p] of [[-L,. We show that [p.] is not the
=l £n-greatest element of [ £, and therefore that [~ £, has no <[l c.-greatest element. If n > e
is a sufficiently large member of C, then ¢.(n)] € L,. This means that there is a least s such that
@e,s(n)) and therefore that there is a t € L,, with p.(n) < t. Thus (V*°n € C)(L, = Fz (pc(n) < x)),
so [[¢ £n = Fz([@e] < x) by Theorem item That is, [¢e] is not the <y ,-greatest element
of [T Ln. O

5. A COMPUTABLE COPY OF w WITH A COHESIVE POWER OF ORDER-TYPE w + n

Given a co-c.e. cohesive set, we compute a copy L of w for which [[~ £ has order-type w +n. In
order to help shuffle various linear orders into cohesive powers in Section [6] we in fact compute a
linear order £ = (L, <) along with a coloring function F': L — N that colors the elements of £ with
countably many colors so as to induce a coloring with a certain density property on [[ L.

Definition 5.1. A colored linear order is a structure O = (L,N, <., F'), where £ = (L, <) is a linear
order and F' is (the graph of) a function F': L — N, thought of as a coloring of L. Here the language
includes unary relation symbols for L and N and a binary relation symbol for F' in addition to the
binary relation symbol <.

Let O = (L,N, <, F') be a colored linear order, and let £ = (L, <,). We may think of O as the
disjoint union £ LI N expanded to include F'. Thus if O is a computable colored linear order and C is a
cohesive set, then the cohesive power [[, O consists of a linear order [[~ £, a set [[~ N thought of as
a collection of colors, and a (graph of a) function FIle ©: ], L] — |[]N| thought of as a coloring
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of [[o £. This is by Proposition and by Theorem item as F' being the graph of a function
from the substructure given by L into the substructure given by N can be expressed by a Ils sentence.
In []- O, we denote elements of [[ £ by [¢] and elements of [[~ N by [6]. Call a color [§] € |[[~N]
a solid color if § is eventually constant on C (i.e., if [0] is in the range of the canonical embedding of
N into [[~N). Otherwise, call [6] a striped color. Finally, call a colored linear order O = (L,N, <., F)
a colored copy of w if L = w.

Definition 5.2. Let O = (L,N, <., F') be a computable colored copy of w, and let £ denote (L, <r).
Let C be a cohesive set. Call the cohesive power [[~ O colorful if the following items hold.

e For every pair of non-standard elements [¢], [¢] € |[[ £] with [¢] <7, ¢ [¢] and every solid
color [6] € |T[o N, there is a [0] € |[[ £] with [¢] <17, £ [0] <11, £ [¢] and FIcO([g]) = [0].

e For every pair of non-standard elements [¢], [¢)] € [[[o L] with [¢)] <7, 2 [¢], there is a
0] € [T1c £] with [¢] <172 0] <17, 2 [0] Where FIle ©([6]) is a striped color.

Thus if O = (L,N, <, F) is a computable colored copy of w and C'is cohesive, then [[~ O being
colorful means that the solid colors occur densely in the non-standard part of [[~ £ and also that
between any two elements of the non-standard part of [[. £ there is an element with a striped color.
Notice that we do not require any individual striped color to occur densely in the non-standard part of
[ £. If C is a co-c.e. cohesive set, then the first bullet of Definition implies the second. This can
be seen by a saturation argument, if one generalizes Lemma to allow types over [[, O with an
infinite sequence of parameters ([f;] : i € N) represented by a uniformly partial computable sequence
(0; : i € N). Here the relevant parameters would be the non-standard elements [¢] and [¢p] and the
sequence of solid colors. The type would then describe an element between [¢] and [¢)] whose color is
not among the solid colors.

In Section [6] we show that replacing each point of £ by some finite linear order depending on its
color has the effect of shufHling these finite orders into the non-standard part of [ [~ L.

Theorem 5.3. Let C be a co-c.e. cohesive set. Then there is a computable colored copy O of w such
that [~ O is colorful.

Proof. We construct a computable copy £ = (L, <) of w with L = N and a function F': L — N so that
O = (L,N, <, F') is a computable colored copy of w for which [[~ O is colorful. We are working with
a co-c.e. cohesive set, so recall that in this situation every element [¢] of [[~ £ has a total computable
representative by the discussion following Definition ecall also that an element [p] of [[~ L is
non-standard if and only if lim,cc ¢(n) = oo by Lemma

The goal of the construction is to arrange, for every pair of total computable functions ¢ and ¥
with lim,cc ¢(n) = limyec ¥(n) = oo, that

(v2n € C) ()l <c ()l

= (vd < max{i(n), v(m)}) (3k) [(4(n) <2 k=<2 o) A (F(k) =d)]). ()

Suppose we achieve () for ¢ and 1, where lim,cc p(n) = lim,ec ¥(n) = oo and (V°n € C)(p(n)d <,
¥(n)l). Fix any color d, and let ¢ be the constant function with value d. Partially compute a function
6(n) by searching for a k with )(n) <z k <z ¢(n) and F (k) = d. If there is such a k, let §(n) be the
first such k. Property (+) and the assumption lim,cc ¢(n) = lim,cc ¥(n) = oo ensure that there is such
a k for almost every n € C. Therefore C' C* dom(0), [¢] <7, 2 [0] <1, 2 [#]; and Flle ©([g]) = [9].
Likewise, we could instead define §(n) to search for a k with ¢(n) <z k <z ¢(n) and F(k) = ¢(n) and
let 0(n) be the first (if any) such k found. In this case we would have [¢] <7, ¢ [0] <7, ¢ [¢] and

FIlcO([0]) = [¢], which is a striped color because lim,cc ¢(n) = oo. Notice that ¢ represents both
an element [¢] of the linear order [[, £ and a color [¢] from [[oN. As a color, Fllc©([6]) = [¢]
because (V*°n € C)(F(0(n)) = ¢(n)). Thus between [¢)] and [¢] there are elements of [~ £ of every
solid color and also at least one element of a striped color. Therefore achieving suffices to prove the
theorem, provided we also arrange £ = w.

Let W denote the c.e. set C, and let (Ws)sen be a computable C-increasing enumeration of W. Let
(A%0) A1), ey be a uniformly computable sequence of pairs of sets such that

e for each i, A*? and A%! partition N into two pieces (i.e., A%! = A%0) and
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e (Vn)(Vo € {0,1}")(N;<n ABo() g infinite).
This can be accomplished by partitioning N into successive pieces of size 2¢, letting A% consist of every
other piece, and letting A»! = A%0,

In this proof, denote the projection functions associated to the pairing function (-,-) by ¢ and r, for
left and right, instead of by 7y and 71. So £((z,y)) = = and r({x,y)) = v.

The tension in the construction is between achieving and ensuring that for every z, there are
only finitely many x with = <, z. Think of a p € N as coding a pair (), @r(p)) of partial computable
functions for which we would like to achieve (), with ¢y, playing the role of ¢ and ¢, (,) playing
the role of . We assign the partition (4279 A?P:1) to ¢u(py and the partition (AZPHLO] A2pHL1Y 4
©r(p)- The sets {n : g, (n) € A%} and {n : ) (n) € A?P} are both c.e., so if C C* dom(gy(,)),
then either (V°n € C) (¢, (n) € A*0) or (V°n € C)(pyp)(n) € A?1); and similarly for ¢, (,) and
(A2P+1.0 A2p+11) - Ag the construction proceeds, we consider each p paired with larger and larger
guesses N of a threshold by which the cohesive behavior of ¢y, and ¢, (,) begins with respect to
the partitions (A?P0, A%1) and (A%P+10) A2P+L1) The pair (p, N) means we guess that there is an
(a,b) € {0,1} x {0,1} such that @y,)(n) € A% and ¢, (n) € A% whenever n > N and n € C.
For each fixed p, the pairs (p,0), (p,1), (p,2),... all try to achieve for gy and @), If N is too
small, then pair (p, N) eventually stops acting. If N is big enough, then pair (p, N) eventually settles
on the correct sides (a,b) of the partitions (A?P0, A2P:1) and (A2P+10) A2p+L1)

To help satisfy (), eventually pair (p, N) will want to add an element ko between some Pupy(n) and
@r(p)(n) for an n that looks like it may be in C'. However, later some pair (g, M) (possibly even with
q = p) may want to add an element k1 between some @y, (m) and ¢, ;) (m) for an m that looks like it
may be in C, and it may also so happen that ¢, ) (m) = ko. In this case, (g, M) would add ki < ko.
If this behavior were to continue, then it would lead to a descending sequence kg =, k1 >, ko =, -+ -,
which means that £ would not have order-type w. To avoid these descending sequences, pair (p, N)
tries to choose the k that it adds to avoid the images ¢,y (C) and @,(4)(C) for all g corresponding to
higher-or-equal priority pairs (q, M) < (p, N). To do this, first, for each such g, pair (p, N) looks up
the most recent guess (agq, by) of sides such that ¢y (C) C* A?9:% and Pr(g)(C) C A?0+1%4 made by
any of the (g, M) < (p, N) for this ¢. Then pair (p, N) chooses

ke ﬂ AQq,lfaq N A2q+1,1qu
(g, M)<(p,N)

from the opposite sides of all these partitions in an attempt to avoid ¢4 (C) and @, (C) for every
(g, M) < (p,N). The staggering of the partitions ensures that there are infinitely many such k to
choose among.

We now give the construction. Define <, and F' in stages. By the end of stage s, <, will have been
defined on X x X, and F will have been defined on X, for some finite X D {0,1,...,s}.

At stage 0, set Xo = {0} with 0 £, 0 and F(0) = 0. At stage s > 0, initially set Xy = X ;. If
s ¢ X, then add s to X5, define it to be the </-maximum element of X, and define F'(s) = 0. Then
proceed as follows.

Consider each pair (p, N) < s in order. Think of (p, N) as coding a pair (), @r(p)) of partial
computable functions and a guess N of a threshold by which the cohesive behavior of g, and @, ()
begins with respect to the partitions (4279, A?P:1) and (A%PH1.0) A2P+11Y) a5 described above. The pair
(p, N) demands action if there is an (a,b,n) € {0,1} x {0,1} x {N, N +1,..., s} meeting the following
conditions.

(1) For all m < n, <705(19)78("71)\1/ and Sor(p),s(m)i'
(2) Both @) (n) € AP and ¢, (n) € AZPFLP.

(3) For all m with N <m <n,
o ©ypy(m) € AP0 = m e W, and
° gor(p)(m) € APHLI=b — 4y ¢ W.
(4) We have that @) (n), @rp)(n) € Xs and gy (n) <z @pp)(n), but currently there is a
d < max<{@yp)(n), prpy(n)} for which there is no k € X with oy, (n) <2 k <z ¢ p)(n) and
Fk) = d.

(5) The element @ ,)(n) is not <z-below any of 0,1,...,(p, N).
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If (p, N) demands action, let (ap,by,n) € {0,1} x {0,1} x {N,N +1,...,s} be the lexicographically
least witness to this, call (ayp, by, n) the action witness for (p, N), call the first two coordinates (a,, by)
of the action witness the action sides for (p, N), and call the last coordinate n of the action witness
the action input for (p, N).

Let r be the <-greatest number for which there is an M with (r, M) < (p, N). For each ¢ <7, let
(aq, bg) be the most recently used action sides by any pair of the form (g, M) with (¢, M) < (p, N). If no
(g, M) < (p, N) has yet demanded action, then let (ag,by) = (0,0). Let ¢ = max-{@y)(n), ¢rp)(n)},
and let kg < k1 < --- < k. be the ¢+ 1 least members of

m <A2q,1—aq mAQq—l—l,l—bq) \X& (*)

q<r

which exist because the intersection is infinite and X is finite. Add kg, ..., k. to Xs. Let x € X, be
the current < -greatest element of the interval (¢ (1), ¥r@p)(n))c (or T = @y (n) if the interval is
empty), and set

Cop)(n) 2o < ko <c - <L ke <2 Or(p)(n).

Also set F(k;) =i for each i < ¢, and say that (p, N) has acted and added k’s. This completes the
construction.

The constructed £ is a computable linear order. We show that £ =2 w by showing that for each z,
there are only finitely many elements < -below z. So fix z. Note that z appears in X at stage s = z
at the latest, so we consider the development of the construction at stages s > z.

Consider the actions of a pair (p, N). If (p, N} > z and (p, N) acts at stage s > z with action input
n, then, by condition it must be that 2 <z @) (n) < @y (n). In this case, the action adds
elements to X and places them < -between ¢y, (n) and ¢, (n) and hence places them < -above 2.
Therefore, only the actions of (p, N) with (p, N) < z can add elements <,-below z at stages s > z.

We show that each (p, N) < z only ever acts to add finitely many elements k <, z. It follows that
there are only finitely many elements < -below z because the (p, N) > z add no elements <-below z
after stage z, and each (p, N) < z adds only finitely many elements <-below z. So let (p, N) < z, and
assume inductively that there is a stage s9 > z such that no pair (¢, M) < (p, N) acts to add elements
k <, z after stage sg.

Notice that a given n can be the action input for (p, N) at most once. If (p, N) demands action
with action input n at stage s, it adds elements of every color < max{wy,)(n), ¥r@p)(n)} to X and
places them < -between ;) (n) and ¢, (,)(n). Thus condition is never again satisfied for (p, N)
with action input n at any stage t > s.

Suppose that either oy, (m)1 or ¢, () (m)7T for some m. Then no n > m can be an action input for
(p, N) because condition always fails when n > m. Thus only finitely many numbers n can be
action inputs for (p, N). Because each of these n can be an action input for (p, N) at most once, the
pair (p, N) demands action only finitely many times. Thus in this case, (p, N) adds only finitely many
elements < ,-below z.

We now focus on the case in which both ¢y, and ¢,(, are total. By cohesiveness, let (a,b) €
{0,1} x {0,1} be such that (V*°n € C)(pyp)(n) € A%) and (V*n € C)(p,p)(n) € A%PTLP). The
following Claims establish that (p, N) adds only finitely many elements <-below z.

First, consider all pairs (p, M) < z with this fixed p.

Claim 1. There is a stage s1 > so such that for every M with (p, M) < z, whenever (p, M) demands
action at a stage s > s1, it always has action sides (a,b).

Proof of Claim[]. There are only finitely many (p, M) < z, so it suffices to show that for each
(p, M) < z, there is a stage t such that (p, M) has action sides (a, b) whenever it demands action (if it
ever demands action) after stage t.

Let m be the least member of C' with m > M, @y, (m) € AP, and ¢,(,)(m) € A%T1b. Then
whenever (p, M) demands action and the action witness (ap,bp,n) has n > m, it must be that
(ap,bp) = (a,b) because otherwise condition would fail. Suppose, for example, that (p, M) demands
action at stage s with action witness (ap, by, n) where n > m and a, =1 —a. Then M <m <n and
Po(p)(m) € A?P17% but m ¢ W because m € C. Thus condition fails, so (p, M) could not have
demanded action with action witness (a,, by, n). The assumption b, = 1 —b in place of a, = 1 — a leads
to the same contradiction. On the other hand, each n < m can be the action input for (p, M) at most
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once. Therefore, there is a stage t > sg such that whenever (p, M) demands action at a later stage
s > t, the action witness must have action input n > m and therefore must have action sides (a,b). O

Assume that (p, N) demands action infinitely often because otherwise we can immediately conclude
that it adds only finitely many elements <,-below z. Let s; be as in Claim [1], let ¢ > s; be a stage at
which (p, N) demands action, and let sy =t + 1. Then (p, N) has action sides (a,b) at stage t < sg,
and whenever some (p, M) < z demands action at a stage s > sy > sy, it also has action sides (a, b).
Thus at every stage s > sa, the most recently used action sides by a (p, M) < z is always (a, b).

Claim 2. Suppose that an element k is added to X5 and k <, z is defined at some stage s > so. Then
ke A2p,1fa ﬂAQerl,lfb.

Proof of Claim[3 We already know that if (g, M) > z, then (g, M) does not add elements k <. z after
stage so. Thus we need only consider pairs (g, M) < z. For these pairs, we have assumed inductively
that if (¢, M) < (p, N), then (q, M) does not add elements k <, z after stage so. Thus we need only
consider pairs (¢, M) with (p, N} < (¢, M) < z. Suppose such a (g, M) acts after stage so. When
(g, M) chooses the k’s to add, it uses an 7 > p in the intersection (ED because (p, N) < (g, M). The
action of pair (g, M) must use (ap,bp) = (a,b). This is because after stage s, (a,b) is always the most
recently used action sides by the pairs of the form (p, K') with (p, K) < z. Because (p, N) < (¢, M) < z,
it is thus also the case that (a,b) is always the most recently used action sides by the pairs of the
form (p, K) < (g, M) at every stage after so. Thus when (g, M) acts at some stage s > sa, it uses
(ap, by) = (a,b), and therefore the ks it adds to X are chosen from A?P1=2N AZPTLI=0 ag claimed. O

We can now show that (p, N) adds only finitely many elements k <. z.
Claim 3. The pair (p, N) adds only finitely many elements k <. z.

Proof of Claim[3 Suppose that (p, N) acts at some stage s > sq, adds an element k to X, and
defines k <, z. Then at stage s, the action witness for (p, N) must be (a,b,n) for some n, where
@up)(n) = x for some x € A?pa, @r(p)(n) = y for some y € AFLb and ¢ <, y <, 2. The action
then places k’s of each color d < max.{z,y} in the interval (x,y),. If (p, N) acts again at some
later stage ¢t > s with some action input m, then again ¢, (m) € A% and Dr(p)(m) € AWFLb,
However, it cannot again be that ¢y, (m) = = and ¢, (m) = y because condition would fail
in this situation. Thus when adding a number k& <, z, the action input n used by (p, N) specifies
a pair (z,y) = (@op)(n), @rp)(n)) € AP X A?P+1b with @ <, y =, 2z, and each such pair can be
specified by (p, N) at most once. By Claim [2| every element added < -below z after stage so is
in A%P1=2 n A2p+11=b " Therefore there are only finitely many pairs (z,y) € A?P% x AZP*TLb with
x <r y =r z, and therefore (p, N) can only add finitely many elements k < z. ]

We have shown that for every z, no (p, N) > z adds an element < -below z after stage z and that
each (p, N) < z adds only finitely many elements < -below z. Thus for every z, only finitely many
elements are ever added <,-below z. Therefore £ = w.

Now let ¢ and 9 be total computable functions with lim,cc ¢(n) = lim,cc ¥(n) = co. We complete
the proof by showing that is satisfied for ¢ and 1. Assume that (V>°n € C)(¢(n) <z ¢(n)), for
otherwise vacuously holds. Let p be such that ¢y;,) = ¢ and ¢,;,) = ¢. By cohesiveness, let
(a,b) € {0,1} x {0,1} and N € N be such that, for all n € C with n > N, @y, (n) € A and
Pr(p)(n) € AFLY Tet ng > N be large enough so that for all n € C with n > ny, Popy(n) is not
=r-below any of 0,1,...,(p, N). To choose ng, notice that the set Z of elements that are < -below any
of 0,1,...,(p, N) is finite because £ = w. Then (V*°n € C)(py)(n) ¢ Z) because limpec py(p)(n) = 0.

Suppose that n € C and n > ng, and furthermore suppose for a contradiction that there is a
d < max<{@yp)(n), prp)(n)} such that there is no k with ;) (n) <z k <z ¢rp(n) and F(k) = d.
Then conditions |[(1)H(5)| are satisfied by (a,b,n) at all sufficiently large stages s. Condition is
satisfied because ¢y, and @, are total. Condition is satisfied because n > N and n € C.
Condition is satisfied by the choice of N. Condition |(4)|is satisfied by the assumption that there is
no k with @y (n) <z k <z ¢p@p)(n) and F(k) = d and hence there is no such k at every stage s in
which both @y, (n) and @,(,)(n) are present in X,. Condition |(5)|is satisfied by the choice of ng. Each
m < n can be the action input for (p, N) at most once, and, at sufficiently large stages, (a,b) is the
only possible action sides for (p, N). Thus at some stage the pair (p, N) eventually demands action
with action witness (a,b,n). The action of (p, N) defines py,)(n) <z k < @ppy(n) and F(k) = d
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for some k, which contradicts that there is no such k. This shows that holds for ¢ = ¢, (,) and
¥ = ¢y(p), which completes the proof. O

Let C be a co-c.e. cohesive set, and, by Theorem let O = (L,N, <, F) be a computable colored
copy of w for which [[, O is colorful. Then £ = (L, <) is an example of a computable copy of w with

[[c £L=w+n.

Corollary 5.4. Let C be a co-c.e. cohesive set. Then there is a computable copy L of w where the
cohesive power [[~ L has order-type w + 1.

Proof. Let C be co-c.e. and cohesive. Let O = (L,N, <., F') be the computable colored copy of w
from Theorem for C. Let L denote the computable copy £ = (L, < ) of w. The cohesive power
[ £ has an initial segment of order-type w by Lemma There is neither a least nor greatest
non-standard element of [[~ £ by Lemma Theorem implies that the non-standard elements of
[I £ are dense. So [[~ L consists of a standard part of order-type w and a non-standard part that
forms a countable dense linear order without endpoints. So [[, £ = w + 1. ]

Example 5.5. Let C' be a co-c.e. cohesive set, and let £ be a computable copy of w with [[» £ = w+n
as in Corollary

(1) There is a countable collection of computable copies of w whose cohesive powers over C' are
pairwise non-elementarily equivalent. Let £ > 1, and let k denote the k-element linear order
0<1< -+ < k—1as well as its order-type. Then kL has order-type w because L has
order-type w, and [ [, k = k by the discussion following Definition Using Theorem we
calculate

Hc(kﬁ) = (Hck) (Hcﬁ) =~ k(w+n) = w+ k.

The linear orders w + kn for k > 1 are pairwise non-elementarily equivalent. The sentence
“there are xgp < - -+ < xr_1 such that every other y satisfies either y < zg or xp_1 < y; if y < xo,
then there is a z with y < 2z < zg; and if z;_1 < y, then there is a z with z;_1 < 2 < y”
expressing that there is a maximal block of size k is true of w + kn, but not of w+ mn if m # k.
Thus 1£,2L,... is a sequence of computable copies of w whose cohesive powers [[~(kL) are
pairwise non-elementarily equivalent.

(2) It is possible for non-elementarily equivalent computable linear orders to have isomorphic
cohesive powers. Consider the computable linear orders £ and £+ Q. They are not elementarily
equivalent because the sentence “every element has an immediate successor” is true of £ but
not of £ 4+ Q. However, using Theorem and the fact that [[~ Q = n, we calculate

[[.c+o =] c+]][,@= w+n+n=w+n=]] L
Thus the cohesive powers [[~ £ and [[~(£ + Q) of £ and £ + Q are isomorphic.

6. SHUFFLING FINITE LINEAR ORDERS INTO COHESIVE POWERS OF w

The goal of this section is to prove that if X C N\ {0} is a Boolean combination of ¥ sets, thought
of as a set of finite order-types, and C is a co-c.e. cohesive set, then there is a computable copy £ of w
for which [[~ £ has order-type w + o (X U {w + (n + w*}). Here o denotes the shuffle operation (see
Definition below). We prove this in a modular way by abstracting the cohesive set away from the
computable copy of w being constructed. The key technical step is Lemma which states that from
a computable colored copy O of w and a Boolean combination of Y9 sets X C N\ {0}, we can construct
a computable copy £ of w such that [[o £ = w+ o (X U{w+ (n+w*}) whenever C is a cohesive set
for which [[~ O is colorful. Combining Lemma with Theorem then gives the desired result.

Given a linear order £ and a sequence of linear orders (M, : £ € |L£|) indexed by |L|, the generalized
sum of (My : £ € |L]) over L is obtained by replacing each element ¢ of £ by a copy of M,.

Definition 6.1 (see [21, Definition 1.38]). Let £ be a linear order, and let (M, : £ € |L]) be a sequence
of linear orders indexed by |L|. The generalized sum 3¢z Mg of (Mg : £ € |L]) over L is the linear
order § = (5, <s) defined as follows. Write £ = (L, <), and write My = (M, <z,) for each £ € L.
Define S ={(¢,m): £ € L AN m € M}, and define

(Lo, mo) <s (¢1,mq) if and only if (Lo <, ¢1) V (bo =01 A mo <My, my).
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Let S = 3¢ ) Me be the generalized sum of a sequence of linear orders (M : £ € |L]) over a linear
order £ as in Definition Each My for ¢ € |L| corresponds to an interval of S, which naturally
gives rise to the sum condensation of S. For (¢,m) € |S|, let cx((¢,m)) = {(z,y) € |S| : £ = x}. The
sum condensation cx(S) is the condensation obtained from the partition {cx((¢,m)) : (¢,m) € |S|}.
Observe that cx((¢,m)) = M, for each ¢ € |£| and that cx(S) = L.

Generalized sums generalize both the sum and product constructions of Definition [3.1 View the
ordinary sum Ly + £ as the generalized sum Z€€|2| Ly of Lo and L1 over the 2-element linear order
2 = ({0,1}, <); and view the product LoL; as the generalized sum /¢ . | Lo of copies of Lo over L;.
We may also use generalized sums to define shuffies.

The shuffle o(X) of an at-most-countable non-empty collection X of linear orders is obtained by
densely coloring Q with colors from X and then replacing each ¢ € Q by its color.

Definition 6.2 (see [21, Definition 7.14]). Let X be a non-empty collection of linear orders with
| X| < Ng. Let f: Q — X be a function such that f~!(M) is dense in Q for each linear order M € X.
Let S = o f(q) be the generalized sum of the sequence (f(q) : ¢ € Q) over Q. By density, the
order-type of & does not depend on the particular choice of f. Therefore S is called the shuffle of X
and is denoted o (X).

We usually think of X in a shuffle o(X) as a collection of order-types instead of as a collection of
concrete linear orders.

Let £ be a computable linear order, and let (M, : ¢ € |£|) be a uniformly computable sequence
of linear orders. Then one may use the pairing function to compute a copy of Eze‘ z| M. Likewise,
if (M,, : n € N) is a uniformly computable sequence of linear orders, then one may compute a
function f: Q — N such that f~'(n) is dense in Q for each n € N and thereby compute a copy of
o({M, :n € N}).

Let C be co-c.e. and cohesive, let £ be the linear order from Corollary for C, and consider the
linear order 2L from Example item We can think of 2L as being obtained from £ by replacing
each element of £ by a copy of 2. This operation of replacing each element by a copy of 2 is reflected
in the cohesive power, and we have that [[~(2£) = w + 2.

Again let C' be co-c.e. and cohesive, and now consider the computable colored copy O = (R, N, <z, F')
of w from Theorem Let R denote (R,<g). Collapse F into a coloring G: R — {0, 1}, where
G(r)=0if F(r) =0 and G(r) = 1 if F(r) > 1. Then the coloring GIlc © of ], R induced by G uses
exactly two colors: [0] represented by the constant function with value 0, and [1] represented by the
constant function with value 1. Both of these colors occur densely in the non-standard part of [[~R.
Compute a linear order £ by starting with R, replacing each r € R with G(r) = 0 by a copy of 2, and
replacing each 7 € R with G(r) = 1 by a copy of 3. The cohesive power []~ L reflects this construction,
and we get the linear order obtained from [[~ R by replacing each point of Gllc ©_color [0] by a copy
of 2 and replacing each point of Gllc O color [1] by a copy of 3. Thus we have a computable copy L
of w with [[» £ =2 w4+ o({2,3}). Using this strategy, we can shuffle any finite collection of finite linear
orders into a cohesive power of a computable copy of w.

To make the above argument precise and to generalize it to more complicated shuffles, we first show
that cohesive powers of linear orders respect generalized sums. Let £ be a computable linear order,
and let (M, : £ € |£]) be a uniformly computable sequence of linear orders indexed by |£|. We wish to
show that for any cohesive set C,

> Mo = > T Mow

telL| 01|11 £|

To do this, we must first explain what we mean by the structure [[» My, Intuitively, [[o Mg
is the cohesive product of the sequence of structures Mgy, Mg(1), My(2), ... over C, where My, is
undefined if 6(n)1.

Formally, let £ be a computable language, and let (A,, : n € I) be a uniformly computable sequence
of £-structures indexed by a computable set I C N. Let C' be a cohesive set, and let #: N — [ be
a partial computable function with C' C* dom(#). Then [[s Ay, is defined as in Definition
except one now considers the =¢-equivalence classes of partial computable functions ¢ such that
dom(y) C dom(0), Vn (p(n)l — ¢(n) € [Agm)l), and C C* dom(p). The results of Section hold for
these generalized cohesive products of the form []. .Ag(,) with minor modifications to the proofs. For
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example, one must now consider sets of the form {n : Ay, = ®(po(n),...,pm-1(n))} for various
L-formulas ® and partial computable functions o, ..., @m—1, where Ay, appears in place of A,. If
® is uniformly decidable in (A, : n € I), then the preceding set remains c.e.

If 69,01: N — I are two partial computable functions with C' C* dom(6y), C C* dom(#;), and
0o =c 01, then it is straightforward to show that [[oAgym) = [l Asym)- In fact, we are even
justified in writing [ [ Abo(n) = [Ie As, (n) because every element of either structure can be represented
by a partial computable ¢ with C' C* dom(y) C dom(fp) N dom(#;). In particular, the structure
Z[G]E\Hcﬂ [1c Moy above is well-defined.

Lastly, we point out that if C'is a co-c.e. cohesive set with C' C* dom(#), then the generalized cohesive
product [ [~ Agn) can be realized as a cohesive product of the form []- B,,. The argument is similar to
the argument that every element of a cohesive product by a co-c.e. cohesive set has a total computable
representative. Fix any computable £-structure D. Let N be such that (Yn > N)(n € C — 6(n)l).
Define the uniformly computable sequence of £-structures (B, : n € N) by

B — Agny if n> N and 6(n)| before n is enumerated into C
"D otherwise.

Then [[oBn = [[o Aon)- Again, we may even write [[ Bn = [[o Agn) because every element of
either structure can be represented by a partial computable ¢ with C C* dom(yp) C dom(#).

We are now prepared to show that the cohesive power of a generalized sum is a generalized sum of
cohesive products in the way indicated above. The method of Theorem [3.6] becomes unwieldy in this
situation because of the infinite sequence of structures to juggle, so we opt for a more hands-on proof.

Theorem 6.3. Let L be a computable linear order, and let (My : € € |L]|) be a uniformly computable
sequence of linear orders indexed by |L|. Let C be a cohesive set. Then

> me = > 11, Mow:

celL] 01 [TTe 2|

Proof. To ease notation, let

M= "M,
Le|L]

X:HCE

Vo = HC My for each [0]x € |X|

A=]]. M
B= Y Yo
[OlxelX]

The goal is to show that A = B. The elements of A are of the form [¢]4 for partial computable
functions ¢ with Vn (p(n)l — ¢(n) € IM|) and C' C* dom(p). The elements of B are of the form
([0)x, [T]y[g]x) for partial computable functions § and 7 with Vn (8(n) — 0(n) € |£]), C C* dom(h),
dom(7) € dom(6), Vn (7(n)] — 7(n) € [Mg)|), and C' C* dom(7).

Define a function F': |A| — |B| as follows. For [p]4 € |A], we have that ¢(n) € |[M| and therefore
that ¢(n) = (¢,m) for some ¢ € |L| and m € |My| whenever ¢(n)|. Let 6 = mp o ¢, and let 7 = 71 0 .
Then [0]x € |X] and [7]y, = € Vg, Set F([p]a) = ([0]x, [T]y[g]x). To see that F' is well-defined,
observe that if ¢ =¢ 1, then also mg o p =¢ mg 09 and 71 0 ¢ =¢ 7 0 Y.

To show that F'is an isomorphism, it suffices to show that F' is surjective and order-preserving by
Lemma [3.5)
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For surjectivity, consider an element ([0]., [T]y[G]X) of B. Define a partial computable ¢ by ¢(n) ~
(@(n),7(n)). Then ¢(n) € |[M| whenever p(n)], and C' C* dom(yp) because C' C* dom(€) N dom(7). It
follows that []4 € |A| and F([¢]a) = ([0]x, [T]y[e]x).

For order-preserving, suppose that [p]4 and [¢)]4 are members of A with [p]4 <4 [¢V]4. Then
(V°n € C)(p(n) <apm ¥(n)). Write § = mgop, 7 =m 09, @« = mgo1), and B = w1 01). By the definition
of M,

(V°n € 0)((9(n) <z a(n)) v (0(n) = a(n) A T(n) <my, ﬁ(n)))
Thus by cohesiveness, either
o (V°n e C)(8(n) <¢ a(n)) or
o (V°n e C)(8(n)=aln) A 7(n) < Mo(m B(n)).

In the first case, [f]x <x [a]x. In the second case, [f]x = [a]x and [7]y, =<y
either case,

(8], - Thus in

0] x

F([‘P]A) = ([9]/\’7 [T]y[e]){) =B ([a]/\’v [5]y[a]/\,) = F(W)]A)a

as desired. N

Notice that Theorem items and follow from Theorem by viewing ordinary sums and
products of linear orders as generalized sums of linear orders.

We now show how to shuffle finitely many finite order-types into the cohesive power of a computable
copy of w.

Lemma 6.4. Let (M,, : n € I) be a uniformly computable sequence of linear orders indexed by a
computable I C N, and let M,, denote the domain of M,, for each n € I. Let C' be a cohesive set. Let
0: N — I be a partial computable function with C C* dom(f). Suppose that there is a k > 0 such that

Proof. As explained at the beginning of Section [2] the property “there are exactly k distinct elements
can be expressed by a Ay sentence ®. We have that C' C* {n : My(,) = ®} by assumption. Therefore
[Ic Mony = @ by Theorem item Thus [[ Mpg(n) is a linear order with exactly k elements.

Lemma 6.5. Let ko, ..., kx be non-zero natural numbers, and let O be a computable colored copy of w.
There is a computable copy L of w (constructed from O) such that for every cohesive set C, if [[ O is
colorful, then [ L has order-type w + o ({ko, ..., kn}).

7

Proof. Let O = (R,N, <z, F) be a computable colored copy of w, and let R denote (R,<%). For
k>0,let k= ({0,1,...,k — 1}, <) denote the usual presentation of the k-element linear order. Let
(M, :r € R) be the uniformly computable sequence of linear orders where M, = kg, if F(r) < N
and M, = ky if F(r) > N. Let £ be the generalized sum £ = ) 5 M,. The linear order L is
obtained from the copy R of w by replacing each element of R by a finite linear order. Thus L is
infinite, and every element has only finitely many predecessors. So L is a computable copy of w.

Let C be a cohesive set for which [[, O is colorful. We need to show that [[~ £ has order-type
w+0({ko,.. . ,kN}).

By Theorem [6.3

I.c = 1L.2m = > 1 Mow
reER [9]€|HC 73|
To ease notation, let Z denote the linear order Z[O]EIHCR! [Ic Mogm)- Let [ [1c Rlsta and | ] Rlnonsta
denote the standard and non-standard parts of [[, R, respectively. Then let

Zstd = Z HC M O(n)

[01€[TTe Rl

Zhonstd = Z HC M@(n)7

[01€|T1e R

nonstd
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so that Z = Zq + Znonstd.- Consider the sum condensation cx(Z) of Z. We show that the order-type
of the block [ Mgy of the sum condensation corresponding to [0] € | ], R| is determined by the

color Flle©([9)) of [0] in [ O.
Claim 1. If [0] € |[[o R| and FIle ©([6]) is solid color [i] for ani < N, then [[, Moy = k.

Proof of Claim[1 That Fllc©([g]) = [i] means that (V*°n € C)(F(#(n)) = i). Therefore Moy =
kr(n)) = ki for almost every n € C because i < N. Thus [[o My(,) = k; by Lemma O

Claim 2. If [0] € |[[oR| and either Fllc©([6]) is solid color [i] for an i > N or FIlcO([g]) is a
striped color, then [[o Mgy = k-

Proof of Claim[3 If FIle©([f]) is a striped color, then lim,cc F(6(n)) = co. Therefore (V®n €
C)(F(8(n)) = N) in both cases, so Mg,y = ky for almost every n € C. Thus [[o M) = kn by
Lemma [6.4] ]

Notice that block [ [ Mgy is a finite linear order for every [0] € [[[o R|. Thus Zq is a generalized
sum of finite linear orders over the copy |[ [~ R|std of w, s0 Zsq = w.

Think of the sum condensation cx(Zponstd) as being colored by F [Ic O where the block Il M)
corresponding to [0] € | [[~ R|nonstd gets color F' e O([6]). The product [I O is colorful, which means
that cx:(Znonstd) = | [ Rlnonstd = 1 and that each solid color occurs densely. By Claims [1f and [2} the
order-type of block [[» Mgy for [0] € |[]o Rlnonstd is:

e k; if [A] has solid color [i] for an i < N;

e ky if [f] has either solid color [i] for an i > N or a striped color.
Therefore Z,onsta = o ({ko,...,kn}). Thus

HCE = Z = Zstd+Znonstd = W+U({k01---akN})
as desired. N

To handle more complicated patterns of shuffles, we consider sequences of finite linear orders in
which we know the successor relation, we know the least element, we do not necessarily know the
greatest element, but we do know that there are at most three elements that the greatest element could
be. Expand the language of linear orders to O = {<, S, B, Ty, T1,T»}, where S is a binary relation
symbol and B, Ty, T1, and T are unary relation symbols. Our intent is to describe finite linear orders
with immediate successor relation S, least element given by B, and greatest element given by either
To, 11, or Ty. Thus S stands for ‘successor,” B stands for ‘bottom,” and T stands for ‘top.’

Let T be the set of D-sentences consisting of the linear order axioms from the beginning of Section
along with the following sentences.

o VaVy (S(x,y) < y is the <-immediate successor of x)
Le., S(x,y) describes the immediate successor relation.

o Vo (Jy(z <y) — JyS(z,y))
I.e., every element except the last element has an immediate successor.
o Vz (Jy(y <z) — JyS(y z))
Le., every element except the first element has an immediate predecessor.
dx B(x)
Le., B(z) holds for some x.
Vally (B(z) — = < y)
Le., if B(x) holds, then z is least.

Jz To(z)
Le., Ty(z) holds for some .

JxTo(x) — JzTi(x)

Le., if T5(x) holds for some z, then T} (x) holds for some x.

For each i < 2, ~3222 T}(x)

Le., for each ¢ < 2, there is at most one x for which T;(x) holds.
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o vy (1) >y =0
, if T5(z) holds for z, then x is greatest.

(

o ﬂElx TQ(I) — VaVy (Ti(z) — y 2 x)

, if T5(z) does not hold for any element but 77 (x) holds for x, then z is greatest.
)

o -JuTi(x) — VaVy (To(z) — y 2 x)
Le., if T7(x) does not hold for any element but Ty(z) holds for z, then x is greatest.

Notice that from I" it can be deduced that there is a unique element satisfying B(x) and a unique
element satisfying Tp(z). So we could have used constant symbols in place of B and T. We prefer
the symmetry of a relational language. Also notice that from I' it can be deduced that there is a
<-least element and a <-greatest element. Finally, notice that every sentence in I' is equivalent to a
II5 sentence.

When shuffling infinite collections of finite linear orders into a cohesive power of a computable
copy of w, we start with a computable colored copy of w and replace its elements by arbitrarily large
finite linear orders. If the finite linear orders can be uniformly computably expanded to models of T,
then this replacement process naturally shuffles the linear order w + (1 + w* into the cohesive power.
Lemma which implies that w 4+ o({w + (n + w*}) can be achieved as the order-type of a cohesive
power of a computable copy of w, serves as an example explaining this phenomenon.

Lemma 6.6. Let (M,, : n € I) be a uniformly computable sequence of O-structures that are all finite
models of I, indexed by a computable I C N. Let M, denote the domain of M,, for each n € I. Let
C' be a cohesive set. Let 0: N — I be a partial computable function with C C* dom(G). Suppose that
limpec [My)| = oo. Then, as a linear order, [[o Mgy has order-type w + (n + w*

Proof. We have that M,, =T for each n € I by assumption and that each sentence of I' is equivalent
to a Ily sentence. Therefore [[, My, = I' by Theorem [2 . item . Thus [[o Mg has a
=TI Mo (n)—least element and a <7 A4, (my-Breatest element (as these facts can be deduced from r),
every element that is not <y, m, (n)—least has a <7, M, (n)—immediate successor, and every element
that is not =[Te Mo, -Breatest has a =Ie Mon) -immediate predecessor. Furthermore, [[o Mg, is
infinite because lim,ec |[Mp(n)| = oo. Thus as a linear order, [ Mg(,) must consist of an initial block
of order-type w, a final block of order-type w*, and intermediate blocks of order-type (. We show that
the blocks of HC My are dense.

If C' were co-c.e. or the sequence (M,, : n € I) were uniformly 1-decidable, then we could use a
saturation argument to conclude that the blocks of [ [ My, are dense. However, C' is not necessarily
co-c.e., and, although each individual structure M,, is finite and hence decidable, the sequence
(M,, : n € I) need not be uniformly 1-decidable. We therefore resort to an ad hoc argument.

Let [¢], [¢] € |T]c Moyl be such that [1)] <TTe Mogn [¢]. Then limpec |(¥(n), @(n))Me(m\ = oo by
Lemma If O(n)d, p(n), ¥(n), and (n) = Mo ©(n), then we can effectively determine the size
of the interval (1)(n), (1)) My, as follows. Search for zg, ..., 251 € Mp(y) such that SMom) (1)(n), xo)

holds, such that S™o (z;,2;,1) holds for each i < k — 1, and such that SMox (z;,_1, p(n)) holds.
Then |(¢(n), ¢(n)) My, | = k- Such a sequence o, ..., w51 exists because My, is finite and SMon)
is the < Me(n)—immediate successor relation on Myy,).

Define a partial computable function p as follows. Given n, if 8(n)l, ¢(n)d, ¥ (n)l, and ¥ (n) < Mo (n)
¢(n), then determine the size k of the interval (¢(n), ¢(n))rm,,, according to the procedure described
above. If k > 0, then locate the [k/2]th = My(,-least element z of (¢ (n), (1)) My, and output p(n) = z.
Otherwise p(n)T. As limyec |(¥(n), (1)) My, | = 00, it follows that both limpec [(1(n), p(n)) My, | =
oo and limpec [(p(n), (1)) Mgy | = 00. Thus [¢] <17, My, [0l <1, My, [#] again by Lemma
Therefore the blocks of [] My, are dense.

As a linear order, [ [ Mgy is countably infinite, has a least block of order-type w, has a greatest
block of order-type w*, has intermediate blocks of order-type {, and the blocks are dense. Thus
[Ic Mo(n) has order-type w + (n + w* as a linear order. O

In Lemma it is necessary that the structures (M,, : n € I) satisfy additional assumptions (such as
being models of I') beyond merely being finite linear orders. For example, recall from Proposition
that a cohesive product of finite linear orders need not have a maximum element.
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Lemma 6.7. Let O be a computable colored copy of w. There is a computable copy L of w (constructed
from O) such that for every cohesive set C, if [[~ O is colorful, then [[- L has order-type w + (w +
(n + w*)n, which is the same as w + o({w + (N +w*}).

Proof. Let O = (R,N, <z, F) be a computable colored copy of w, and let R denote (R,~<g). Let
(M, : r € R) be the uniformly computable sequence of linear orders where M, = r 4 1 for each r € R.
Let £ be the generalized sum £ =) _p M,. Then L is a computable copy of w.

Let C be a cohesive set for which [[, O is colorful. We need to show that [[. £ has order-type
w~+ (w+ ¢+ w*)n.

By Theorem [6.3

e = MLm= > 1 Mow

reR 01| e R
As in the proof of Lemma ﬁ let Z denote 2[9]€|Hc73\ [Ic Mogmy; let [[1oRlsta and |[]o Rlnonstd
denote the standard and non-standard parts of [[~R; and let

Zsta = Z HC M 6(n)

[01€TTe R| .

Zhonstd = Z HC MH(n)7
01€|TTe R et
so that Z = Zq + Znonsta- The fact that [[- O is colorful implies that |[[~ Rlnonstd = 7.

If 0] € |[I¢Rl|sta, then there is an r € R such that (V*n € C)(0(n) = r). Therefore (V>*n €
C)( Mgy =7+ 1), 50 [[o Mgn)y = r + 1 by Lemma This means that Zgq is a generalized sum
of finite linear orders over a copy of w, so Zgq = w.

If [0] € |I]c Rlnonstds then lim,ec6(n) = oo by Lemma Letting M, denote the domain
{0,1,...,7} of M, for each r € R, we have that lim,ec |Mg(n)| = 00. Then [[o Mgy = w + (0 + w*
by Lemma To see that Lemma applies in this simplified situation, note that we can uniformly
computably expand the linear orders (M, : r € R) to O-structures that are models of I'. For
M, =r 4+ 1, define S to be the usual immediate successor relation, define B(z) to hold exactly when
x = 0, define Ty(z) to hold exactly when z = r, and define T7(x) and T»(x) to hold of no element.

We just showed that [[o Mg = w + (n + w* for each [0] € [[[o Rlnonsta- Therefore Zyonsta =
wH(w+n+w)n 2 w+o({w+n+w*}). Thus

HC/:' = Z = Zstd+Znonstd = w + (w+<77+"‘)*)77 = W‘FO’({W‘FCW‘FW*});
as desired. N

We are finally ready to handle shuffles of the form o (X U {w + (n + w*}), where X C N\ {0} is
a Boolean combination of Y5 sets thought of as a set of finite order-types. We proceed in two steps.
Lemma handles the case where X is the intersection of a ¥5 set and a Ily set, and Lemma
extends the method to finite unions of such sets.

Lemma 6.8. Let X C N\ {0} be the intersection of a 39 set and a Ily set, thought of as a set
of finite order-types. Let O be a computable colored copy of w. There is a computable copy L of w
(constructed from O) such that for every cohesive set C, if [[~ O is colorful, then [[- L has order-type
w+o(XU{w+{n+w}).

Proof. The X = () case is Lemma so we may assume that X # (). Let ko be the least element of X.
Let P and () be computable predicates for which

X ={k:3aVbP(k,a,b)} N{k:Va3IbQ(k,a,b)}.
Let O = (R,N, <R, F) be a computable colored copy of w, and let R denote (R, <z). We define a

uniformly computable sequence (M, : r € R) of O-structures that are finite models of I" and have the
following properties. Let M, denote the domain of M, for each r € R.

(1) If k € X, then (V°r € R)(F(r) =k — |M,| =k).
(2) If k < ko, then (V°r € R)(F(r) =k — |M,| =r+1).
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(3) If £ > ko and k ¢ X, then either (V*°r € R)(F(r) =k — |M,| = ko) or (V*°r € R)(F(r) =
kE — |M,|=7r+1).
We then take £ to be the generalized sum ) (M, [<) of the sequence (M, : r € R), viewed as a
sequence of finite linear orders, over the linear order R.
To compute M, = (M,, <, S, B,Ty, T1,T»), first initialize M, on {0,...,ky — 1} as follows:

o {0,...,kp—1} C M,;

e < agrees with the usual order < on {0,...,ky — 1};

e S is the usual successor relation on {0, ..., ky — 1};
B(z) holds if and only if x = 0;
To(x) holds if and only if z = ko — 1;
neither T} (z) nor Ty(x) hold of any x € {0,...,ky — 1}.
If F(r) = ko, or if F(r) < kg and r < ko, then define = ¢ M, for all x > ky. In this case, M, is the
usual presentation of the linear order kg expanded by S, B, Ty, 11, and T3 as described above. It is
straightforward to check that M, =T

If F(r) < ko and r > kg, then add ko, ...,r to M, so that M, = {0,...,r}. Extend < to agree with
the usual order on {0,...,7}, and extend S to be the corresponding successor relation. Define T} (z)
to hold if and only if x = r, and define T5(x) to hold of no x € M,. Define z ¢ M, for all z > r. In
this case, M, is the usual presentation of the linear order r 4+ 1 expanded by S, B, Ty, 11, and 15,
where Ty(z) holds only of ky — 1, T1(x) holds only of r, and T5(z) holds of no element. It is again
straightforward to check that M, =T.

If F(r) > ko, then compute M, in stages. At all stages s, we maintain that M, = I" and that <
agrees with the usual order < on the elements of M,. For every z, we decide whether or not x € M,
at stage = at the latest. The initialization of M, on {0,..., ko — 1} described above counts as stage 0,
so M, ET at the end of stage 0. Proceed as follows at stage s > 0. If it has not yet been decided
whether s € M, by the beginning of stage s, then define s ¢ M,. Then act according to the following
cases.

Case 1: M, is still {0,..., kg — 1} at the beginning of stage s, (Ja < 7)(Vb < s) P(F(r), a,b) holds, and
(Va < r)(3b < 5) Q(F(r),a,b) holds. In this case, let s < xg < x1 < -+ < Tp(y_,—1 be the
F(r) — ko least numbers x > s for which it has not yet been decided whether z € M,. Add
L0y -+ TR(r)—ko—1 10 M, so that M, = {0,..., ko — 1,20,...,Tp@)—k—1}- Extend < to agree
with the usual order on {0, ..., ky—1,x0,... ,mF(,,)_kO_l}, and extend S to be the corresponding
successor relation. So S(ko—1,x) holds, and S(z;, z;+1) holds for all ¢ < F(r) — ko — 1. Finally,
define T3 (z) to hold if and only if # = 2p(;)_,—1, and define T(x) to hold of no z € M,. Go
on to stage s + 1. Observe that |M,| = F(r) at the end of stage s.

To see that M, =T at the end of stage s, observe that no elements were added to M,
between its initialization and the start of stage s. Thus at the start of stage s, Tp(x) holds of
one element, and 77 (x) and T5(z) hold of no element. During stage s, a new greatest element
Tp(r)—ko—1 15 added, and Ti(z) is defined to hold of exactly this element. Also, T3(z) still holds
of no element at the end of stage s. One may now check that M, =T

Case 2: (Va < r)(3b < s) =P(F(r),a,b) holds and |M,| < r at the beginning of stage s. In this case,
let m = |M,|, and let £y < ¢1 < -+ < £p,—1 be the elements of M, listed in <-increasing order.
Recall that < and < agree on M., so also g < f1 < --- <l 1. Let s<zg<z1 < - < Tp_pp
be the 7 + 1 — m least numbers z > s for which it has not yet been decided whether z € M,..
Notice that xg > £,,_1 as well, as otherwise £,,_1 would not have been least when it was added
to M,. Add zg,...,x,—m to M, so that M, = {lo,...,lm—1,%0,-..,Tr—m}. Extend < to agree
with the usual order on {{,...,0ln_1,%0,..,Tr—m}, and extend S to be the corresponding
successor relation. So S(¢y,—1,x0) holds, and S(x;, z;4+1) holds for all i < r — m. If there is no
x for which T} (z) holds, then define T} (z) to hold if and only if x = z,_,, and define T(x) to
hold of no = € M,. If there is already an = for which T} (x) holds, then define T5(z) to hold if
and only if x = z,_,,. Go on to stage s + 1. Observe that |M,| = r 4+ 1 at the end of stage s.

Notice that Case 1 and Case 2 can occur at most one time each. After Case 1 occurs, M, is
never again {0,...,ky — 1}, so Case 1 never occurs again. After Case 2 occurs, we never again
have |M,| < r, so Case 2 never occurs again. Thus prior to stage s, Case 2 cannot have occurred
(as it is occurring now at stage s), and Case 1 can have occurred at most once. If Case 1 did
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not occur before stage s, then no elements were added to M, between its initialization and the
start of stage s. The situation is then analogous to that of Case 1. We define 77 (z) to hold of
exactly the new greatest element z,_,, that is added at stage s, and we define T5(x) to hold of
no element. If instead Case 1 did occur before stage s, then at the start of stage s, Tp(x) and
T (z) hold of exactly one element each, and T5(z) holds of no element. During stage s, a new
greatest element x,_,, is added, and T»(x) is defined to hold of exactly this element. In either
situation, one may check that M, =T

Case 3: If neither Case 1 nor Case 2 applies, then do nothing more at stage s and go on to stage s + 1.
Then M, =T at the end of stage s because M, =T at the start of stage s.

This concludes the construction of (M, : r € R). In the computation of M, for a given r € R, Case 1
and Case 2 can occur at most once each, as observed in the discussion of Case 2 above. Therefore
elements are added to M, at most twice, so it is finite. It also follows that M, =T at the end of the
construction because M, =T at every stage.

We show that the above items |(1)H(3)| hold.

For item consider a k € X. If k = ko, then |M,| = k whenever r € R and F(r) = k. Suppose
instead that k£ > ko. Both 3aVb P(k,a,b) and Va 3bQ(k, a, b) hold because k € X. Suppose that r € R
has F(r) = k and is large enough so that (3a < r)(Vb) P(k,a,b). Then Case 2 never occurs in the
computation of M, because (Va < r)(3b < s) =P(F(r),a,b) always fails. On the other hand, Case 1
occurs at the first stage s such that (Va < r)(3b < s) Q(F(r),a,b). Therefore |M,| = k. This shows
that (V°r € R)(F(r) =k — |M,| =k).

For item [(2)] consider a k < ko. Then |M,| = r 4+ 1 whenever r € R, r > ko, and F(r) = k. Thus
(Vre R)(F(r)=k — |M,|=r+1).

For item [(3)] consider a k > ko with k ¢ X. Then either Va3b—P(k, a,b) or 3aVb—-Q(k,a,b). First
suppose that Ya 3b—P(k,a,b) holds. Let r € R have F(r) = k and r > k. Let s be the first stage at
which (Va < r)(3b < s) =P(F(r),a,b) in the computation of M,. Then |M,| < r at the beginning
of stage s. This is because Case 2 cannot have occurred before stage s by the choice of s, so either
|M,| = ko < r (if Case 1 has not occurred by stage s) or |M,| = k < r (if Case 1 has occurred by stage
s). Thus Case 2 occurs at stage s, so |M,| = r + 1 at the end of stage s. Neither Case 1 nor Case 2
occurs after stage s because Case 2 occurs at most once and Case 1 cannot occur after Case 2. Thus
|M,| =r+ 1 at the end of the construction. This shows that (V*°r € R)(F(r) =k — |M,|=r+1).

Finally, suppose that Ja Vb —=Q(k, a,b) holds but Va 30 -P(k,a,b) fails. Thus both Ja Vb P(k,a,b)
and JaVb—-Q(k,a,b) hold. Suppose that » € R has F(r) = k and is large enough so that (Ja <
r)(Vb) P(F(r),a,b) and (Ja < r)(Vb) =Q(F (1), a,b). Then neither Case 1 nor Case 2 occur at any stage
in the computation of M,.. Thus |M,| = ko. This shows that (V*°r € R)(F(r) =k — |M,|= ko) and
completes the argument that item holds.

Let £ be the generalized sum ) »(M;[=<) of the sequence (M, : r € R), viewed as a sequence
of finite linear orders, over the linear order R as indicated above. Then L is a computable copy of
w. Let C be a cohesive set for which [[~ O is colorful. We need to show that [[, £ has order-type
wHo(XU{w+{(n+w}).

Theorem gives us that, as linear orders,

Hc’c - HCzMT = Z HC Me(”)'
reR [ble|I1e R

As in the proofs of Lemmas and let Z denote the linear order 2[9} elloR| [Ic Mony; let
| T Rlsta and | ][ R|nonsta denote the standard and non-standard parts of [[~R; and let

Ztd = Z HC M O(n)

01€[Te R 4

Zhonstd = Z HC MH(n)7

1€|TTe R

so that Z = Zgq + Znonsta- We show that the order-type of the block [[~ Mny of cs(Znonstd)
corresponding to [0] € | ] Rlnonsta is determined by the color FIle @ ([6]) of [] in [[, O.

nonstd



ON COHESIVE POWERS OF LINEAR ORDERS 39

Claim 1. If [0] € | ] Rlnonsta and FIle O([0]) is solid color [k] for a k € X, then [[o Moy = k as

a linear order.

Proof of Claim[l We have that lim,cc 6(n) = oo by Lemma [4.2]and that (V*°n € C)(F(6(n)) = k) by
definition. Furthermore, k € X implies that (V>°r € R)(F(r) =k — |M,| = k) by item[(1)] Therefore
(Voon € C)(|Mp(ny| = k:) Thus [Jc Mgy = k by Lemma O

Claim 2. If [0] € |I[c Rluonsta and FIle©([6]) is solid color [k] with k < ko, then [[ Moy =
w+ (N + w* as a linear order.

Proof of Claim[3 Again, lim,cc 6(n) = oo by Lemma [4.2] and (V>°n € C)(F(6(n)) = k) by definition.
Furthermore, k < ko implies that (V*°r € R)(F(r) = k — |M,| = r+ 1) by item Therefore
limpec [Mgn)| = 00, so [[¢ Mgy = w + (n+w* by Lemma O

Claim 3. If [0] € | [1o Rluonsta and FIle ©((6]) is solid color [k] for a k > ko with k ¢ X, then, as a
linear order, []. Moy either has type ko or type w + (n + w*.

Proof of Claim[3 Again, lim,cc 6(n) = oo by Lemma[4.2) and (V*°n € C)(F(6(n)) = k) by definition.
As k > ko and k ¢ X, either(V‘X’TER)( (r)y =%k — |M,| =ko) or vV°r € R)(F(r) =k —

| M| =r+ 1) by item The first alternative yields that (V°°n € C')(|My(,)| = ko) and hence that
Il Moy = ko by Lemma The second alternative yields that lim,cc \Mg(n | = oo and hence that
Il Mg(n) 2w+ (n+ w* by Lemma O

Claim 4. If [0] € | [I¢ Rlnonsta and FIleO((0]) is a striped color, then, as a linear order, []. M)
has either type ko or type w + (n + w*.

Proof of Claim[} We have that lim,cc6(n) = oo by Lemma and that lim,cc F(6(n)) = oo
because FIIcO([0]) is a striped color. By inspecting the construction, we see that for r € R, either
|M,| = ko, |M;| = F(r), or |[M,| = r+ 1. By cohesiveness, either (V*°n € C)(|My(,)| < ko) or
(vn € C)(IMywy| > ko). If (Vn € C)(|Mpay| < ko), then in fact (V*n € C)(]Mg )| = ko)
because lim,cc F(#(n)) = co. In this case, we have that [[o Mgn) = ko by Lemma If instead
(Von € C)(|Mp(n)| > ko), then it must be that lim,ec [Mg(,)| = co. This is because |Mg(n)| is either
F(8(n)) or 8(n) + 1 for almost every n € C, and both lim,cc F(#(n)) = oo and lim,ec 8(n) = oc.

Therefore [[» Mgy = w + (1 + w* by Lemma O
If [0] € |[IoRlsta, then there is an r € R such that (V*°n € C)(6(n) = r). Therefore there is a
k > 0 such that (V*°n € C)(|My(,)| = k), in which case [[o Mgy = k by Lemma This means

that Zgq is a generalized sum of ﬁmte linear orders over the copy | HC Rlsta of w, s0 Zgpq = w.
Think of the sum condensation cx(Z,onstd) as being colored by F Il O where the block HC Mg(n)

corresponding to [0] € | [ R|nonsta gets color FlIe @([g]). The product [] O is colorful, which means
that ¢ (Znonstd) = | [[ Rlnonsta = 1 and that each solid color occurs densely. By Claims the
order-type of block [[o Mgy for [0] € [[[o Rlnonstd is:

k if [0] has solid color [k] with k € X;
w + ¢n + w* if [A] has solid color [k] with k < k¢ (which includes k£ = 0 because ko > 0);
e cither kg or w + (n + w* if [#] has solid color [k] with k > ko and k ¢ X;

e cither ko or w + (n + w* if [#] has a striped color.
Therefore Zyonsta = o(X U{w + (n+ w*}). Thus

HC L = Z = Zgd+ Znonstda = w+t U(X U {w + C77 + w*})
as desired. N

Lemma 6.9. Let X C N\ {0} be a Boolean combination of X9 sets, thought of as a set of finite order-
types. Let O be a computable colored copy of w. There is a computable copy L of w (constructed from O)
such that for every cohesive set C, if [ [~ O is colorful, then [ [~ L has order-type w+o (X U{w-+(n+w*}).

Proof. The X = () case is Lemma so we may assume that X # (). Let ko be the least element of X.
By putting X in disjunctive normal form and noticing that finite intersections of o sets are Yo and
that finite intersections of Il sets are I, we may write X as a finite union X =, <~ Xi, where each
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X is the intersection of a Yo set and a Ily set. It is convenient to further assume that kg € X; for each
i< N.

Let O = (R,N, <g,G) be a computable colored copy of w, and let R denote (R, <gr). We define
a uniformly computable sequence (M, : r € R) of O-structures that are finite models of I'. Let
(,):{0,...,N — 1} x N = N be a computable bijection with computable projections 7y and .
Compute each M, as in the proof of Lemma but for set X () and color F(r) = m1(G(r)).

Let £ be the generalized sum . M., as in the proof of Lemma Then L is a computable
copy of w. Let C be a cohesive set for which [[, O is colorful. Then again [[~ £ = Zgq + Znonstd,
where |[[~R|sta and | [[ R|nonsta denote the standard and non-standard parts of [ [~ R,

Zstd = Z HC M O(n)

01€[TTe Rl

Zhonstd = Z HC M@(n)7

[9] € “—IC R‘ nonstd

and Zgq = w.

Again, think of cx(Zyonsta) as being colored by GIle @ where the block [] M(n corresponding
to [0] € |1 Rlnonsta gets color Gle©([6]). The product [, O is colorful, which means that
¢ (Znonstd) = |[[o Rlnonsta = 1 and that each solid color occurs densely. The order-type of block
[Ic Moy for each [0] € | [] Rlnonsta can be determined as in the proof of Lemma

o If GlIc O([6]) is solid color [(i, k)] where k € X, then [] Moy = k.
o If GIIc O([6]) is solid color [(i, k)] where k < ko, then [], Moy = w + (0 + w*

o If GlIc ©([9]) is solid color [(i,k)] where k > ko and k ¢ X;, then [[. My either has
order-type kg or order-type w + (n + w*.

e Suppose that GIlc ©([9]) is a striped color. As mo(G(r)) < N for every r € R, the cohesiveness
of C' implies that there is an i@ < N such that (V*°n € C)(mo(G(0(n))) = i). Therefore
limpec 71(G(0(n))) = oo because GIle O([6]) is striped, and so [] My n) either has order-type
ko or order-type w + (n + w* as in the proof of Lemma

Therefore Zponsta = o(Ujen Xi U{w + (n +w*}) = o(X U{w + (n +w*}). Thus [[o L =
w+o(XU{w+{n+w*}) as desired. O

We end with the main result of this section by combining Theorem [5.3] with Lemmas [6.5] and

Theorem 6.10. Let X C N\ {0} be a Boolean combination of 3o sets, thought of as a set of finite
order-types. Let C be a co-c.e. cohesive set. Then there is a computable copy L of w where the cohesive
power [ [ L has order-type w + (X U {w + (n + w*}). Moreover, if X is finite and non-empty, then
there is also a computable copy L of w where the cohesive power [[~ L has order-type w + o (X).

Proof. Let C be a co-c.e. cohesive set. By Theorem let O be a computable colored copy of w such
that [[~ O is colorful. Let X C N\ {0} be a Boolean combination of ¥ sets. Let £ be the computable
copy of w constructed from O for X as provided by Lemma Then [[ £ =2 wto(XU{w+{n+w*}).
If X is finite and non-empty, then we may alternatively apply Lemma [6.5] instead of Lemma to
obtain a computable copy £ of w with [[~£ = w+ o(X). O
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