CODING TRUE ARITHMETIC IN THE MEDVEDEV DEGREES OF IIY
CLASSES

PAUL SHAFER

ABSTRACT. Let & denote the lattice of Medvedev degrees of non-empty II9 subsets of 2¢, and
let &, denote the lattice of Muchnik degrees of non-empty II9 subsets of 2*. We prove that the
first-order theory of & as a partial order is recursively isomorphic to the first-order theory of true
arithmetic. Our coding of arithmetic in & also shows that the Eg—theory of & as a lattice and the
Y9-theory of & as a partial order are undecidable. Moreover, we show that the degree of & as a
lattice is 0" in the sense that 0"/ computes a presentation of £ and that every presentation of &
computes 0. Finally, we show that the X3-theory of &, as a lattice and the X9-theory of &, as a
partial order are undecidable.

1. INTRODUCTION

1.1. Mass problems and reducibilities. A mass problem is a set X C w® thought of as an ab-
stract mathematical problem, namely the problem of finding a member of X. Medvedev introduced
his notion of reducibility among the mass problems as a formalization of Kolmogorov’s idea of a
“calculus of problems” [24]. For sets X, Y C w¥, X <Y (read X Medvedev reduces or strongly
reduces to Y') if and only if there is a Turing functional ® such that (Vg € Y)(®(g) € X). Under
the interpretation of subsets of w® as mathematical problems, X <g Y means that problem Y is
at least as hard as problem X in a strongly intuitionistic sense: solutions to Y can be converted to
solutions to X by a uniform effective procedure.

Medvedev reducibility induces a degree structure on P(w®) in the same way that Turing re-
ducibility induces a degree structure on w*. For sets X, Y C w¥, X = Y (read X is Medvedev
equivalent or strongly equivalent to Y') if and only if X <Y and Y <g X. D denotes the Medvedev
degrees, that is, the set of all =g-equivalence classes degs(X) for X C w®. The preordering <g of
P(w”) induces a partial ordering of Dy, also named <g. Muchnik introduced a non-uniform variant
of Medvedev reducibility [26]. For sets X,Y C w¥, X <, Y (read X Muchnik reduces or weakly
reduces to Y') if and only if (Vg € Y)(3f € X)(f <t ¢). Muchnik equivalence (or weak equivalence)
=, and the Muchnik degrees Dy, are defined analogously to =¢ and Ds but with <y, in place of <.

Ds and Dy, extend the Turing degrees Dp. The natural maps degrp(f) — degs({f}) and
degr(f) — degyw({f}) are upper-semilattice embeddings of Dy into Ds and Dy, respectively. More-
over, the range of each of these embeddings is definable in the corresponding structure. This fact
is due to Dyment for Dg ([12] Corollary 2.1), and the proof for Dy, is simpler (see also [41] Theo-
rem 2.2). Dy and Dy, enjoy a much richer algebraic structure than D does. Most importantly, D
and Dy are both distributive lattices. In fact, Dy is a Brouwer algebra, and D, is both a Brouwer
algebra and a Heyting algebra. Heyting and Brouwer algebras provide semantics for propositional
logic, and the interpretation of Dy and Dy, as semantics for propositional logic was an original
motivation for their study. This interpretation continues to drive much of the research in this area.
Sorbi’s survey [41] is a good introduction to Dg and Dy,.

A classic problem in computability theory is to determine the complexity of the first-order theory
of a given degree structure, such as Dr, Ds, or Dy,. The benchmarks are theories of arithmetic,
the comparisons are made via recursive isomorphisms, and the results typically express that the
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first-order theories of the degree structures are as complicated as possible. The original result of
this sort, due to Simpson, is that the first-order theory of Dt is recursively isomorphic to the
second-order theory of true arithmetic [35]. Lewis, Nies, and Sorbi and independently the author
have determined that the first-order theories of Ds and D, are both recursively isomorphic to the
third-order theory of true arithmetic [21, 32].

1.2. Substructures of Ds and Dy,. Various substructures arise in the study of degree structures,
and the complexities of their first-order theories naturally come into question. In the Turing
degrees, two popular substructures are D (<t 0'), the Turing degrees below 0', and R, the Turing
degrees of r.e. sets. Both Dp (<t 0') and R have first-order theories that are recursively isomorphic
to the first-order theory of true arithmetic. The Dp(<t 0') case is due to Shore [33]. The R
case is due to unpublished work of Harrington and Slaman (see also [27]). For degree structures
on the mass problems, substructures naturally arise by restricting the family of mass problems
under consideration to natural topological classes. For instance, restricting to the degrees of closed
subsets of w* yields D, the closed Medvedev degrees, and Dy, the closed Muchnik degrees.
Restricting to the degrees of compact subsets of w* (or equivalently restricting to closed subsets
of 2¢) yields Dg}cl, the compact Medvedev degrees, and Devl?d, the compact Muchnik degrees. Ds |
and Dgil are sublattices of Ds, and Dy, 1 and ng{cl are sublattices of Dy,. These sublattices have
received attention in for example [3, 22, 31, 32, 41]. The author has determined that the four
structures Ds q, Dg’lcl, Dy 1, and D‘?V{d all have first-order theories that are recursively isomorphic
to the second-order theory of true arithmetic [32].

In this paper, we consider &, the sublattice of Dy consisting of the Medvedev degrees of non-
empty II{ subsets of 2¥. We also consider &, the sublattice of Dy, consisting of the Muchnik
degrees of non-empty I} subsets of 2*, though to a much lesser extent. & and its sister-structure
&y are the effective counterparts of Dglcl and stlcl. They have enjoyed considerable attention from
many authors, beginning with Simpsoﬁ’s sugges‘éion to the Foundations of Mathematics discussion
group that & is analogous to R but with more natural examples [36]. This analogy with R drives
much of the research on & and &,. For example, every non-minimum member of & and &y, is join-
reducible [4], reflecting Sacks’s splitting theorem for R [28], and & is dense [7], reflecting Sacks’s
density theorem for R [30]. The question of whether &, is dense remains open. See the recent
surveys by Simpson [39] and Hinman [14] for an overview of & and &.

1.3. Undecidability in & and &. Our main result is that the first-order theory of & is recur-
sively isomorphic to the first-order theory of true arithmetic. This result holds in both the language
of lattices and in the language of partial orders because, in any lattice, the lattice operations are
arithmetically definable from the partial order. In light of the analogies between & and R, our
main result can be seen as a companion to the result that the first-order theory of R is recursively
isomorphic to the first-order theory of true arithmetic. We are able to prove that the first-order
theory of & is undecidable, but, beyond that result, the question of the exact complexity of the
first-order theory of &, remains wide open. Cole and Simpson conjecture that the first-order theory
of & is recursively isomorphic to @« (the w'™ Turing jump of Kleene’s ©), the obvious upper
bound [11].

We also consider the decidability of fragments of the first-order theories of & and &,. Here we
need to be careful to specify whether we are working in the language of lattices or in the language
of partial orders. Binns has shown that the E?—theories of & and &, as lattices are identical
and decidable [4]. Cole and Kihara have shown that the X9-theory of & as a partial order is
decidable [10]. The corresponding result for & is not known. The decidability of the %9-theories
of & and &, as a lattices and the Eg—theories of & and & as partial orders are not known. Our
method of coding arithmetic in distributive lattices proves that the Eg—theories of & and &, as
lattices and the Eg-theories of & and &, as a partial orders are all undecidable.
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There has been a huge amount of difficult work on the decidability of various fragments of the
first-order theories of Dy and R. We summarize the results for R for comparison (see [34] for a
survey of this area). The X{-theory of R as an upper-semilattice is decidable [29]. The decidability
of the X9-theory of R as either a partial order or an upper semi-lattice is unknown. However,
the Y3-theory of R as a partial order is undecidable [19]. Moreover, if one extends the partial
infimum function on R (as an upper-semilattice) to any total function, then the ¥9-theory of the
resulting structure is undecidable [25]. These two undecidability results for R suggest by analogy
that the Eg—theories of & and &, as lattices and the Eg-theories of & and &, as partial orders may
all be undecidable. The following table summarizes the current state of knowledge concerning the
decidability of various fragments of the first-order theories of R, &, and &.

>0 i =0 >0
R as a partial order decidable ? undecidable undecidable
R as an upper-semilattice decidable ? undecidable undecidable
&s as a partial order decidable decidable ? undecidable
&Es as a lattice decidable ? undecidable undecidable
Ew as a partial order decidable ? ? undecidable
Ew as a lattice decidable ? undecidable undecidable

We also prove that & is as complicated as possible in terms of degree of presentation. Specifically,
we prove that the degree of & as a lattice is 0”. This means that 0" computes a presentation of
&s as a lattice and that 0” is computable in every presentation of & as a lattice. A corollary is
that & has no recursive presentation as a partial order. The natural presentation of & has Turing
degree O [11], so it is reasonable to expect that &, has degree O, though this question remains
open. For comparison, it follows from the results of [27] (though it is not stated explicitly) that
the degree of R as an upper-semilattice is 0(4).

This paper is organized as follows. Section 2 provides the necessary background material. Sec-
tion 3 presents our scheme for coding arithmetic in distributive lattices. Section 4 presents the
theory of meet-irreducibles in & necessary to implement our coding in &. Section 5 implements
our coding in &, thereby proving our results concerning the complexity of the first-order theory of
&s. Section 6 proves that the degree of & as a lattice is 0”’. Section 7 proves our undecidability
results concerning the first-order theory of &.

2. BACKGROUND

Here we present the relevant background concerning classical computability theory, distributive
lattices, I1Y classes and their Medvedev and Muchnik degrees, and arithmetic. Much of the notation
should be familiar from the standard sources, such as [20] and [40]. Unfortunately, notation for
the Medvedev degrees is far from standardized. We follow [39] in the hope that its notation will
become standard.

2.1. Computability theory. Let n € w, 0,7 € w<¥, f,g € w¥, and X,Y C w*. Then

f I n is the initial segment of f of length n,
|o| is the length of o,

o C 7 means that ¢ is an initial segment of T,
o C f means that o is an initial segment of f,
0" f is the concatenation of o and f:

a(n) if n <|oj
f(n—=lol) ifn>|al,

with n” f abbreviating (n)” f for sequences (n) of length 1,



4 PAUL SHAFER

e f @ g is the function defined by

(f®g)(n) = {

e 0" X ={o"f]| fe X}, and
e XY ={fdg|feXNgeY}

The function (-,-): wx w — w is a fixed recursive bijection. ®, denotes the e'" Turing functional.
® always denotes a Turing functional, and if f € w*, then ®(f) is the partial function computed
when @ uses [ as its oracle. For 0 € w<%, ®(0) is the partial function that, on input n € w, is
computed by running ® on input n for at most |o| steps and using o to answer oracle queries. The
restriction on the running time of ®(o) ensures that oracle queries are only made of numbers < |o|.
Consequently, if ®(o)(n)J, then ®(f)(n) = ®(o)(n) for all f O o.

Let A)B C w. A <y B if and only if there is a one-to-one recursive function f such that
Vn(n € A< f(n) € B). A and B are recursively isomorphic if and only if there is such an f that
is a bijection. The Myhill isomorphism theorem states that A and B are recursively isomorphic if
and only if A =1 B, that is, if and only if A <; B and B <; A (see [40] Section 1.5).

f(m) ifn=2m
g(m) ifn=2m+1,

2.2. Distributive lattices. The usual options for lattice notation conflict with either the logical
notation (V and A) or the arithmetic notation (+ and x). To avoid this conflict, we follow [39] and
write sup for join and inf for meet.
A lattice L is distributive if and only if sup and inf distribute over each other:
e (Vz,y,z € L)(sup(z,inf(y, z)) = inf(sup(x, y),sup(zx, 2)), and
o (Vx,y,z € L)(inf(z,sup(y, 2)) = sup(inf(z, y), inf(z, 2)).
An element x of a lattice £ is meet-reducible if and only if (3y,z € L)((y > ) A (z > z) A
(x = inf(y,z))). Otherwise x is meet-irreducible. We frequently use the following well-known
characterization without mention:

Lemma 2.1 (see [2] Section II1.2). If £ is a distributive lattice, then x € L is meet-irreducible if
and only if (Vy,z € L)(x > inf(y,2) x>y Ve > z).

Proof. Suppose x is meet-irreducible and = > inf(y, z). Then

x = sup(z, inf(y, z)) = inf(sup(z, y), sup(z, 2)).

Thus x = sup(z, y) or x = sup(z, z), which means x > y or x > z. Conversely, if x is meet-reducible,
then by definition there are y, z > x with = = inf(y, 2). O

Dualizing gives the definitions of join-reducible and join-irreducible, and it gives a characteriza-
tion of join-irreducible in distributive lattices.

Sometimes we want to ignore the lattice operations of a lattice £ and consider £ as a partial
order. When we do, we write (£; <) to indicate that we are considering only the partial order
structure on L. In particular, Th(L) denotes the first-order theory of £ as a lattice, and Th(L; <)
denotes the first-order theory of £ as a partial order.

2.3. IIY classes and their Medvedev and Muchnik degrees. The I} classes are the I1{
subsets of w*, where a set X C w® is I1{ if and only if it is of the form X = {f € w* | Vno(f,n)}
for some recursive predicate ¢. The TI{ classes have been persistent objects of study throughout
computability theory, due in no small part to their applications to recursive mathematics and
reverse mathematics. The surveys by Cenzer [6] and by Cenzer and Remmel [8] provide an extensive
overview of the theory of the II{ classes, as does the forthcoming book by Cenzer and Remmel [9].

A useful characterization of the I1{ classes is as the sets of paths through recursive trees. A tree
is a set T C w<¥ closed under initial segments: (Vo,7 € w<¥)(c e TAT C o — 7€ T). A function
f € w¥ is a path through T if and only if (Vn € w)(f [ n € T). If T is a tree, then [T] denotes the
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set of all paths through T. A set X C w* is a II{ class if and only if X = [T] for some recursive
tree T (see [8] Lemma 2.2). Recall the usual product topology on w®. Basic open sets are of the
form I(o) ={f €ew* | o C [} for 0 € w<¥. A set X C w* is closed in this topology if and only if
X = [T for some (not necessarily recursive) tree T. For this reason, the I1{ classes are sometimes
called the effectively closed sets.

For sets X,Y C w¥, X < Y if and only if there is a Turing functional ® such that (Vg €
Y)(®(g9) € X), a condition which we abbreviate by ®(Y) C X. Similarly, X <,, Y if and only
if (Vg € Y)3f € X)(f <t g). We consider <g and <, restricted to non-empty II{ subsets of
2¢. Henceforth the term “II{ class” refers exclusively to non-empty I1J subsets of 2%, and all trees
are subsets of 2<%. Every IIY class is a closed subset of the compact space 2¥ and is therefore
compact. The compactness of the II{ classes is crucial to many of our arguments. As a first
example, compactness allows us to express <g arithmetically.

Lemma 2.2. [Tp] < [T1] is X9 relative to the trees Ty and T.
Proof. For a given Turing functional ®, we show that
®([T1]) C [To] if and only if (Vn € w)(Is € w)(Vo € 2°)(0 € T1 — @(0) [ n € Tp),
where ®(o) [ n € Ty includes the provision that (Vi < n)(®(o)(i)]). It then follows that
[To] <s [T1] if and only if (e € w)(Vn € w)(Is € w)(Vo € 2%) (o € T1 — Pc(0) | n € Tp),

which gives our Eg definition of <.

For the forward direction, let n € w be given. Let ¥ = {0 € 2<¥ | ®(0) | n € Tp}. The condition
®([T1]) C [To] implies that [T1] C |J,ex I(0). By compactness, there is a finite ¥y C X such that
[T1] € Uyes, I(0) and an s € w such that (Vo € 2°)(c € T1 — (Joo € ¥o)(00 € )). Then
(Vo € 2%)(c €Ty — ®(0) | n €Tp).

For the reverse direction, consider f € [T1]. Given any n € w, let s € w be such that (Vo €
2%)(c €Ty — ®(0) [ n € Ty). Then ®(f [ s) [ n € Ty, so D(f) | n € Ty. Thus Vn(®(f) [ n € Tp).
Hence ®(f) € [Tp], and therefore ®([T1]) C [Tp). O

Let & = {degs(X) | X is a I1Y class}. & is partially ordered by <s. If X and Y are both II?
classes, then so are X ® Y and 0" X U 17Y. Given trees Ty and Th, let Thy @ Th = {o @ 7| 0 €
ToAnT e Ty AN|7| < |o| < |7| 4+ 1}. Then Top ® T} and 07Ty U 17T are both trees, [Tp] ® [T1] =
[To ® T1], and 07 [Tp] U 17[T1] = [0"Tp U 17T1]. Define sup(degs(X),degs(Y)) = degs(X ® Y') and
inf(degs(X), degs(Y)) = degs(0"X U17Y). One readily checks that sup(degs(X),degs(Y)) and
inf(degs(X), degs(Y')) are, respectively, the <s-least upper bound and <s-greatest lower bound of
degs(X) and degs(Y') and that sup and inf distribute over each other. Thus & is a distributive
lattice. & has a least element 05 = degs(2*), and a I1{ class has least degree if and only if it has a
recursive member. & also has a greatest element 1 (see [37] Lemma 3.20). Two examples of I1Y
classes with greatest degree are DNRy = {f € 2% | Ve(f(e) # Pc(e))} (DNR stands for diagonally
non-recursive) and the class of all (appropriately Godel numbered) complete consistent extensions
of Peano arithmetic.

Let &y = {degy(X) | X is a IT) class}. & is a distributive lattice with order <, and with joins
and meets computed as in &. Notice, however, that 0" X U17Y =, X UY, which is not in general
true with =g in place of =y. & has a least element O, a greatest element 1., and the above
examples of II{ classes with least or greatest Medvedev degree also have least or greatest Muchnik
degree. However, it is not the case that every II{ class with greatest Muchnik degree also has
greatest Medvedev degree.

A sequence of trees {7}, }new is uniformly recursive if and only if the set {(n,o) | o € T},} is
recursive. A recursive sequence of H(f classes is a sequence of H? classes { X, }new for which there
is a uniformly recursive sequence of trees {T),}ne., such that X,, = [T,] for each n € w. For
convenience, we also allow indexing over recursive sets A and consider recursive sequences of I19
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classes of the form {X,},c4a. Though not strictly necessary for our results, a convenient fact is
that there is a recursive sequence all TI{ classes (with many repetitions).

Lemma 2.3 (see [9] Chapter XV and [8] Section 2.7). There is a uniformly recursive sequence of
infinite trees {T.}ecw such that for every 119 class X there is an e € w such that X = [T.].

Proof. In fact, [8] Lemma 2.2 proves that every I1{ class is of the form [T] for a primitive recursive
tree. Let {P.}ecw be a recursive sequence of all primitive recursive functions. Then define T to be
the tree T, = {0 € 2<% | (V7 C 0)(P.(7) = 1)}. If P, is the characteristic function of a tree, then
T! is that tree. Thus if X is a I} class, then X = [T’] for some e € w. We just need to make a
final adjustment to ensure that every tree in the sequence is infinite. To this end, let

T.={ce2|oceT.v(VYm<|o|)(oc | megT.— Nre2™(r¢&T.)}

If 7! is infinite, then T, = T.. Otherwise, T, consists of 7. along with all strings that extend a
string in 7} of maximum length.

0

2.4. Arithmetic. In Section 3, we code structures that model PA~ (Peano arithmetic without
induction) in distributive lattices. For reference, we present the axioms of PA™ as they appear
in [18].

Definition 2.4 (see [18] Section 2.1). PA™ is the theory axiomatized by the following sentences.

(i) Vo,y,2((x +y) + z =2+ (y + 2))

(ii) Vz,y(z +y =y + x)

(iii) Va,y,z((x x y) x z =2 X (y X 2))

(iv) Va,y(x x y =y X )

(V) Vz,y,2(x x (y+ 2) = (x x y) + (z X 2))
(vi) Vz(x +0=2xz Az x0=0)

v
(ix) Vo= (z < x)

x) Ve,y(r <yVe=yVy<x)

(xi) Vo,y,z(z <y —ax+2<y+2z)

(xil) Vz,y,2(0 < zAz <y —>2x xX2<yX2z)
(xill) Vz,y(z <y — Jz(z+ 2z =v))

(xiv) 0<1AVz(0<z—2=1V1<2x)

(xv) Vz(z =0V 0 <x)

)
)
)
)
]
( iii; Ve, y,z(x < yANy<z—x<z)
)
)
)
)
)

To reduce the quantifier complexity of axiom (xiii) for when we analyze the fragments of Th(&;),
we introduce the monus symbol “~” and Skolemize. We call the resulting theory PA™.

Definition 2.5. PA™ is the theory whose axioms are the same as PA~ but with axiom (xiii)
replaced by the axiom Vx,y(z <y — = + (y — ) = y).

The standard relational model of arithmetic is the structure N' = (w; <, +, x,0, 1), where < is a
2-ary relation on w, + and X are 3-ary relations on w, and 0 and 1 are constants in w interpreted
as the usual less-than, plus, times, zero, and one respectively. Th(A) denotes the first-order theory
of N'. We use the relational versions of + and x instead of the usual functional versions because
our coding techniques most naturally code relations. Any formula in which + and x are relation
symbols can be trivially translated into an equivalent formula in which + and x are function
symbols. Translations in the other direction require unnesting. In general, a formula is said to be
unnested if and only if every atomic subformula is of the form x =y, c =y, f(x1,...,2,) =y, or
R(x1,...,x,), where z, y, and the x; for i < n are variables, ¢ is a constant symbol, f is a function
symbol, and R is a relation symbol. Every formula can be recursively translated into an equivalent
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unnested formula (see [15] section 2.6). When unnesting is applied to a first-order formula in the
functional language of arithmetic, we get an equivalent formula in which every atomic subformula
isoftheformax =y, 0=y, 1=y, x <y, xz+y =2z or x xy =2 That is, we get an equivalent
formula in the relational language of arithmetic. Therefore the relational and functional versions
of Th(N) are recursively isomorphic.

We also make use of the structure N7 = (w; <, +, x, =, 0,1), where <, +, X, 0, and 1 are as for
N, and = is the 3-ary relation on w corresponding to the function

. x—y ifz>y
€T — o
Y 0 if x <uy.

Clearly, N = PA~, N™ E=PA™, and PA™ I PA~.

Let M = PA™. An initial segment of M is a <-downward-closed substructure M’ of M:
(Ve e M) (Vy e M) (M Ey <x)— (ye M)). An initial interval of M is a subset of M of the
form {ye M| M Ey <zVy=xa} for some z € M. The following fact ensures that our coding
in the next section correctly codes structures isomorphic to N.

Lemma 2.6 (see [18] Theorem 2.2). If M = PA™, then there is an initial segment of M that is
isomorphic to N'. In particular, N is the unique model of PA™, up to isomorphism, in which every
initial interval is finite.

For the undecidability of X3-Th(&), we also need the following fact.
Lemma 2.7 (see [18] Corollary 2.9). If ¢ is a X0 sentence and N = ¢, then PA™ I .

3. CODING ARITHMETIC IN DISTRIBUTIVE LATTICES

We present our scheme for coding arithmetic in distributive lattices. Although the definitions
below make sense in any lattice, they were designed with the particular goal of coding N into D,
Dy, and their sublattices in mind. For example, meet-irreducible elements play a major role in the
coding. One may dualize the coding to replace meet-irreducible by join-irreducible, but this would
not suffice for our purposes because all non-zero elements of & are join-reducible [4]. The coding
presented here has been slightly modified from the original version developed in [32] in order to
reduce the quantifier complexity of coded relations.

3.1. Coding relations.

Definition 3.1. For elements s and w of a lattice, s meets to w if and only if Jy(y > wAinf(s,y) =
w).

Definition 3.2. For a lattice £ and a w € L,
E(w) = {s € L] s is meet-irreducible A s meets to w}.
The next two lemmas prove important properties of F in distributive lattices.
Lemma 3.3. If L is a distributive lattice, then E(w) is an antichain for every w € L.

Proof. Suppose for a contradiction that there are s,s’ € E(w) with s > s’. Let y > w be such that
inf(s,y) = w. Then s’ > y because s’ is meet-irreducible, s > inf(s,y), and s’ # s. Therefore
s> s >y > w, giving the contradiction inf(s,y) =y > w. d

Lemma 3.4. If L is a distributive lattice and {s;}i<n C L is a finite antichain of meet-irreducible
elements, then E(inf;<p ;) = {s; }i<n-
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Proof. Let w = inf,, s;. First we show that s; € E(w) for each i < n. Fix ¢ < n and let
ti =1inf{s; | j <nAj#i}. Clearly t; > w and inf(s;,#;) = w. Moreover, s; # t; because otherwise
the meet-irreducibility of s; implies that s; > s; for some j # i, contradicting that {s;}i<p is an
antichain. Thus in fact t; > w, so t; witnesses that s; meets to w. Hence s; € E(w). Conversely, if
x € E(w), then z is meet-irreducible and > w. Thus z > s; for some i < n, so z = s; because
E(w) is an antichain by Lemma 3.3. Thus E(w) = {s;}i<n- O

Given an element w of a lattice, we think of w as code for the set E(w). The symbol “E” stands
for “elements,” as in the elements of the set coded by w.!

Now we code 2-ary and 3-ary relations on F(wq) for an element wg of a lattice £. The same
scheme can code n-ary relations for any n € w, but we only need to code 2-ary and 3-ary relations
to code N. The intuition behind the following definition is that if sg, ug € E(wq), then sup(sg, ug)
should code the pair (sg,ug). However, this coding makes the pairs (sg,ug) and (ug, sg) indistin-
guishable because sup(sg,ug) = sup(up, sp). To solve this problem, we fix additional parameters
wy,we,m € L. Once wy, wy,ws, m € L are fixed, any ¢ € L can be interpreted as coding a 2-ary
relation R? on F(wp) and a 3-ary relation RS on E(wyp).

Definition 3.5. Let £ be a lattice and fix elements wg, w1, ws,m € L. Then any ¢ € L defines a
2-ary relation R? on E(wp) and a 3-ary relation R2 on E(wg) by

R2(s0,up) if and only if so € E(wp) A ug € E(wp)
A Fuq (ug meets to wy A sup(ug, uy) > m Asup(sg,ui) > c)
R3(s0,u0,vg) if and only if sg € E(wp) A ug € E(wo) A vy € E(wp)
A FuiFva(ug meets to wy A ve meets to we
A sup(ug, u1) > m A sup(vg, v2) > m A sup(so, u1,v2) > c).

3.2. Coding arithmetic. With Definition 3.5 in hand, we can define codes for models of various
theories. For PA™ we have the following definitions.

Definition 3.6. In a lattice £, a code (for a structure in the language of arithmetic) is a sequence
of elements

W = (wo, w1, wa,m, L, p,t,z,0)
from L interpreted as coding the structure

Mg = (E(wo); R}, RS, R}, 2, 0)
where R%, R3

p7

Definition 3.5.

and R} are the relations on E(wg) defined from ¢, p, and ¢, respectively, as in

In Definition 3.6, w is for “w,” m is for “match,” £ is for “less,” p is for “plus,” t is for “times,”
z is for “zero,” and o is for “one.”

If 7 is a code in a lattice £, then sentences in the language of arithmetic are interpreted in Mz
in the obvious way.

Definition 3.7. Let ¢ be a sentence in the language of arithmetic. The translation of ¢ is the
formula ¢’ (wo, w1, wa, m, €, p,t,z,0) (with the displayed variables free) in the language of lattices
obtained from ¢ by making the following replacements.

e Replace < by the formula defining R%,

e replace + by the formula defining Rg,

e replace x by the formula defining R},

1In [32], E(w) was called E(w) (see [32] Definition 4.4) and its definition required that the s € E(w) also be minimal
with respect being meet-irreducible and meeting to w. The minimality requirement is unnecessary by Lemma 3.3.
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replace 0 by z,

replace 1 by o,

replace 3z by the formula expressing 3z € E(wy), and
replace Vz by the formula expressing Vo € E(wy).

If @ is a code in a lattice £, then Mz |= ¢ means that £ = ¢/ ().
Definition 3.8. In a lattice £, a code for a model of PA™ is a code W such that Mz = PA™.

If © is a first-order sentence in the language of arithmetic, then its translation ¢’ is a first-order
formula in the language of lattices. Thus for such a sentence ¢, the property “u is a code such that
Mz | 7 is first-order. The property “i is a code for a model of PA™” is therefore expressible by
a first-order formula in the language of lattices.

To code N, we add extra conditions to Definition 3.8 ensuring that the coded structure is
isomorphic to A/. Ultimately, these extra conditions express that every initial interval of the coded
structure is finite, which suffices by Lemma 2.6. The following definitions allows us to compare the
cardinalities of initial intervals of coded models of PA™.

Definition 3.9. Let £ be a lattice and let @ be a code for a model of PA™. An a € L codes an
initial interval of Mg if and only if (3s € E(wp))(Vb € L)(b € E(a) <> R2(b,s) Vb = s).

Definition 3.10. For a lattice £ and elements r,q € £, E(r) matches E(q) if and only if there is
a z € L such that

(i) (Vz € E(q))(3ly € E(r))(sup(z,y) € E(z)), and
(ii) (Vz € E(r))(3ly € E(g))(sup(z,y) € E(2)).

Clearly if E(r) matches E(q), then |E(r)| = |E(q)|. The next definition enforces a weak converse
of this fact.

Definition 3.11. A lattice £ has the finite matching property if and only if whenever ¢, ¢ € L are
such that |E(q)| = |E(¢")| = n for some n € w then there is an 7 € £ such that E(r) matches both
E(q) and E(¢).

We can now define a code for A in a lattice £ and prove that codes for A/ always code structures
isomorphic to A provided that £ is distributive, that £ has the finite matching property, and that
some code in £ codes a structure isomorphic to N. It follows that Th(N') <; Th(L).

Definition 3.12. In a lattice £, a code for N is a code w such that

(i) W is a code for a model of PA™,
(ii) (Vs € E(wo))(3a € L)(Vb € L)(b € E(a) +» R2(b,s) Vb = s) (that is, every initial interval
of M is coded by some a € L), and
(iii) For every a € L that codes an initial interval of Mz and every code o’ that satisfies items (i)
and (ii) above, there is an @’ € £ that codes an initial interval of Mg and an r € £ such
that F(r) matches both E(a) and E(a’).

Again, the property “w is a code for N can be expressed by a first-order formula in the language
of lattices.

Lemma 3.13. Let L be a distributive lattice with the finite matching property, and let W be a code
such that Mg = N. Then w0 is a code for N and, moreover, Mg = N for every i’ that is a code
for Nin L.

Proof. First let W be as in the statement of the lemma and show that @ satisfies Definition 3.12.
Item (i) is satisfied by the assumption Mgz = N. For item (ii), let s € E(wp) and notice that
{b| R2(b,s) Vb = s} is finite because it is an initial interval of a structure isomorphic to A" and
that it is an antichain because it is a subset of E(wg) which is an antichain by Lemma 3.3. Thus
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a = inf{b | R%(b,s) Vb = s} witnesses item (ii) for s because E(a) = {b | R%(b,s) Vb = s}
by Lemma 3.4. For item (iii), let a € £ code an initial interval of Mgz and let @’ be a code
satisfying items (i) and (ii) of Definition 3.12. |E(a)| = n for some n € w because F(a) is an initial
interval of a structure isomorphic to N'. Mg = PA™, so by Lemma 2.6 there is an initial interval
of My of cardinality n and, by item (ii), there is an ¢’ € L coding this initial interval. Thus
|E(a)| = |E(a’)| = n, so by the finite matching property there is an r € £ such that E(r) matches
both F(a) and E(a’). Thus @ is indeed a code for N.

Now suppose that @’ is a code for N in L. We show that Mz = N. By Definition 3.12 item (i),
Mgz E PA™. So by Lemma 2.6, it suffices to show that every initial interval Mg is finite. Thus let
s’ € E(w), let {b' | R%(V/,s') V' = s'} be the corresponding initial interval, and, by Definition 3.12
item (ii), let @’ € L code this initial interval. By Definition 3.12 item (iii) there is an a € £ coding
an initial interval of Mgz = N such that |E(a)| = |E(a’)|. E(a) is finite, hence the initial interval
{V' | RZ(V,s'") VI = s} is finite. O

Lemma 3.14. Let L be a distributive lattice with the finite matching property such that there exists
a code W such that Mg = N. Then Th(N) <; Th(L;<r).

Proof. Let ¢ be a sentence in the language of arithmetic. Let 6 be the sentence
6 = F(w is a code for N N Mg | ¢)

in the language of lattices. By Lemma 3.13, there are codes for A/ in £ and every code for
N in L codes a structure isomorphic to N. Thus N | ¢ if and only if £ |= 6. This proves
Th(N) <1 Th(L). We always have Th(L) <; Th(L; <) because the lattice operations sup and inf
are first-order definable from the partial order. O

3.3. Counting quantifiers. An analysis of the quantifier complexity of our coding scheme shows
that to determine the truth of existential sentences in N' we only need to determine the truth of
119 sentences in L.

We switch to coding models of PA™ because the axioms of PA™ are all of the form VZy(Z) for
quantifier-free 1. Here code now means a code for a structure in the language of N~. A code is
now a sequence

W= (woawla w2>m7€ap7t>d7 2, O)
(with “d” for “difference”) interpreted as coding the structure
Mg = (B(wo); RZ, Ry, B, Rg, 2,0).

As in Definition 3.7, sentences in the language of N~ translate to formulas in the language of
lattices. The new — relation is replaced by the formula defining Ri in the translation. A code for
a model of PA™ is a code @ such that M_ = PA™.

In the language of lattices, “s is meet-irreducible” is a IIY property and “s meets to w” is a
»? property, so “s € E(w)” is a A property. Hence R?(sg,u;) and R3(sg,u1,v2) are both A
properties of sy, u1, v, and the coding parameters wgy, w1, we, m, and ¢. Therefore, our coding
translates atomic formulas in the language of N'~ to AY properties of lattices. Every Boolean
combination of AJ properties is again a A9 property, so our coding also translates quantifier-free
formulas in the language of N~ to AY properties of lattices. Thus if ¢ = 3#(F) is a sentence in
the language of N~ where v is quantifier-free, then the translation ¢'(@) may be taken to be a
39 formula in the language of lattices. Similarly, if ¢ = VZ%)(Z), then the translation ¢’ () is TI9.
Thus “M; = PA™” can be expressed by a I19 formula in the language of lattices. The axioms of
PA™ need to be unnested before they are translated, but this can be done in such a way that they
all remain of the form V(%) for quantifier-free 1.

In a lattice, the relations sup(z,y) = z and inf(z,y) = z are definable by II{ formulas in the
language of partial orders. This translation increases the quantifier-complexities calculated in the
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previous paragraph by one alternation. Existential sentences in the language of N translate to ©9
formulas in the language of partial orders, and universal sentences in the language of N~ translate
to T3 formulas in the language of partial orders. The property “./\/lg = PA™” is a II property of
W in the language of partial orders.

Lemma 3.15. Let L be a lattice, and let @ be a code such that M = N~. Then X3-Th(L) and
Y9-Th(L; <r) are undecidable.

Proof. We prove

{32Y(Z) | ¢ is quantifier-free AN = FE(Z)} <1 TI3-Th(L).
It is well-known that the problem of determining whether N = 37y (%) for quantifier-free v is
undecidable.? Clearly $9-Th(£) =1 TI3-Th(L).

Let ¢ = 371 () be a sentence in the language of arithmetic where v is quantifier-free. Let 6 be
the sentence

0 = V(M | PA™ — M_ = o)

in the language of lattices. As calculated above, M;E = PA™ is a I19 property of 0, and /\/l;7 Eop
is a X9 property of . Thus 6§ is a II3 sentence in the language of lattices. We need to show
N = ¢ if and only if £ = 6. Suppose N = ¢. Then PA™ + ¢ by Lemma 2.7, which implies that
L = 6. Suppose N [~ ¢. Then by assumption there is a code @ such that M = N~ For this o,
M = PA™ but M £~ ¢, which implies £ }~ 6.

The proof that ¥Y-Th(L; <) is undecidable is the same. The above sentence 6 is I} in the
language of partial orders. O

4. MEET-IRREDUCIBLES IN gs AND R.E. SEPARATING DEGREES

In this section we present facts about meet-irreducibles in & that allow us to implement our
coding in &. We begin with a characterization of the meet-irreducibles.

Lemma 4.1 ([1] Corollary 3.5). Let Q be a T1Y class. Then degs(Q) is meet-irreducible if and only
if for every clopen C C 2% either QNC =5 Q or QN C° = Q.

Proof. We prove the contrapositive in both directions. First, suppose C C 2% is clopen, QNC %, Q,
and QNC° % Q. QNC >3 Q and Q N C° >4 Q by the identity functional, so it must be that
QNC >, Q and QN C° >5 Q. C is clopen, so there is a finite set of strings {o;}i<p, € 2<¥ such
that C = J,_,, I(ci). Then 07 (Q NC)U1™(Q NC°) <s Q by the functional

s {mf if (3i < n)(o; C f)

17 f otherwise.

<n

S0 degy(QNC) >, deg(Q), deg (QNC?) >, degy(Q), and inf(degy(QNC), degs(QNC*)) <, degs(Q).
Hence degs(Q) is meet-reducible.

Conversely, suppose degs(Q) is meet-reducible, and let X and Y be H(l) classes such that X >4 Q,
Y > Q,and Q =, 0" X U17Y. Let ® be such that ®(Q) C 0" X U17Y. Consider the set X =
{feQ|®(f)(0)=0}. ®(f) is total for all f € Q, so we can write X = QN{f € 2% | &(f)(0) % 1}
(where ®(f)(0) # 1 includes the possibility that ®(f)(0) diverges), which is the intersection of two
closed subsets of 2. Hence X is compact. Let ¥ = {o € 2<% | ®(')(0) = 0}. Then X C Uges 1(0),

so by compactness there is a finite Sy C ¥ such that X C Uses, 1(0). Let C =, 5, I(o) be this

2For example, undecidability is implied by Matiyasevich’s solution to Hilbert’s tenth problem [23]. It is a standard
fact in computability theory that determining whether N |= 3% (%) is undecidable if 1 is allowed bounded quantifiers,
but allowing bounded quantifiers in ¥ increases the quantifier complexity of the translated formula.
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clopen set. ® witnesses that Q N C' >3 07X and that QNC° >, 17Y. As 00X = X > @ and
17Y = Y >4 Q, we have the desired clopen set C' C 2% such that QNC % Q and QNC° %, Q. O

Degrees of r.e. separating classes are the main examples of meet-irreducibles in &.
Definition 4.2. For A, B C w, define
S(A,B)={fe€2?|Vn(ne A— f(n)=1)A(ne B — f(n)=0))}.

An f € S(A, B) is said to separate A from B. S C 2¥ is an r.e. separating class if and only if there
are disjoint r.e. sets A, B C w such that S = S(A, B).

From the definition, an r.e. separating class is always a IIY class. An s € & is an r.e. separating
degree if and only if s = degs(.S) for an r.e. separating class S.

Lemma 4.3 ([7] Lemma 6). If S is an r.e. separating class and C C 2¥ is a clopen set such that
SNC #0, then SNC = S.

Proof. Let S = S(A, B) be an r.e. separating class and let C' C 2“ be a clopen set such that
SNC #0. S <s 5NC by the identity functional. To see S >3 SN C, let I(o) be such that
I(c) CC and SNI(c) # 0. For any f € 2¥, let f, be the function obtained from f by replacing
the initial segment of f of length |o| by o:

fo(n) = {a(n) if n <|o|

fn) ifn>|o|.

The condition SNI(o) # 0 implies that o separates {n € A | n < |o|} from {n € B | n < |o|}. Thus
if f separates A from B, then so does f,. Therefore the functional f — f, witnesses S >3 SNC. [

Lemma 4.1 and Lemma 4.3 imply that every r.e. separating degree is meet-irreducible. It is
important to note (as in [7]) that the r.e. separating classes are closed under ® and consequently
that the r.e. separating degrees are closed under sup: if S(Ag, By) and S(A;, By) are r.e. separating
classes then S(Ag, By) ® S(A1,B1) = S(Ag @ A1, By ® B1). Thus the sup of two r.e. separating
degrees is meet-irreducible. In fact, the sup of any r.e. separating degree and any meet-irreducible
degree is again meet-irreducible.

Lemma 4.4. Let q € & be meet-irreducible and let s € & be an r.e. separating degree. Then
sup(q, s) is meet-irreducible.

Proof. Suppose sup(q,s) > inf(x,y) for some x,y € &. We show sup(q,s) >¢ x or sup(q,s) >s y.
Let Q, X, and Y be I1{ classes such that degs(Q) = q, degs(X) = x, and degs(Y) =y, and let S
be an r.e. separating class such that degs(S) =s. Let ® be such that $(Q ® S) C0"X U1"Y. By
compactness, choose a o € 2<% such that SN 1(c) # () and an n € w such that

(vr e 2")((Bf € Q)(r C f) = (1@ 0)(0)]).
Let C = J{I(7) | T € 2" A®(T ® 0)(0) = 0}. Then C is clopen, and ® witnesses that (Q N C) ®
(SNI(o)) >s 07X = X and that (QNC°)® (SNI(o)) >s17Y =Y. Since SNI(0) = S by
Lemma 4.3 and either QN C' =4 Q or Q N C° = Q by Lemma 4.1, we have either Q ® S >4 X or
Q®S >3 Y as desired. O

Our proof that & has the finite matching property uses the following lemma of Cole and Kihara.
It is the main tool in their proof that the X9-theory of & as a partial order is decidable.

Lemma 4.5 ([10] Lemma 1). Let {q;}i<n C & and let m € w. Then there is a set {r;}icm C &
such that

(VI C m) (VJ,K - n) [J NK =0 Asupq; #s inf q; — sup(sup qi, Sup ri) *s inf(jnf qi, inf rz)}
icd €K ieJ i€l €K gl

(where sup;cp x; = 05 and inf;cpx; = 1g).
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Cole and Kihara note that the {r;};<,, that they construct in Lemma 4.5 are all r.e. separating
degrees. Their proof of Lemma 4.5 is an elaboration of Cenzer and Hinman’s proof that & is
dense [7]. Cenzer and Hinman prove that if p,q € & are such that q £s p, then there is an
r.e. separating degree r € & such that inf(q,r) £ p and q £s sup(p,r). Thus if p < q, then
p <s inf(sup(p,r),q) <s q, yielding density. To make Lemma 4.5 somewhat easier to read and
apply, we note that we only need the following special case.

Lemma 4.6. Let {q;}i<n C &\ {1s} and let m € w. Then there is a set of r.e. separating degrees
{ri}ticm C & such that

(i) (Vi,i" <n)(Vj <m)(q; #sar — sup(q;,rj) #s qr) and
(i) (Vi <n)(Vj,7" <m)(j #j — sup(q;,rj) £srjr).

We can now show that & has the finite matching property.

Lemma 4.7. & has the finite matching property. That is, if q,q' € & are such that |[E(q)| =
|E(d')| = n for some n € w, then there is anr € & such that E(r) matches both E(q) and E(q').

Proof. If n = 0, then let r = q. Any degree z vacuously witnesses that E(r) matches E(q) and
that E(r) matches E(q’). So suppose n > 0, let E(q) = {Q;}i<n, and let E(q') = {d}}i<n. Apply
Lemma 4.6 to {q; }icn U {d}}icn with m = n, noting that {q;}i<n and {q;}i<, are both antichains
by Lemma 3.3, to get r.e. separating degrees {r;};<, such that

(i) sup(q;,rj) #s qr and sup(q;,r;) #s q), whenever 4,7,k < n are such that ¢ # k, and
(ii) sup(qi,r;) #s ri and sup(q},r;) #s ryp whenever 4,7,k < n are such that j # k.

(Lemma 4.6 applies because, by definition, 15 does not meet to any degree and so cannot be in
E(q) or E(q').)

Put r = inf;c, r;, z = inf,, sup(q;, r;), and z’ = inf,,, sup(q},r;). We show that z witnesses
that E(r) matches E(q). The proof that z’ witnesses that E(r) matches E(q’) is similar. Item (ii)
implies that {r;};<, and {sup(q;,r;)}i<n are both antichains. Lemma 4.4 implies that sup(q;,r;)
is meet-irreducible for each ¢ < m. Therefore E(r) = {r;}i<n and E(z) = {sup(qi,r;)}i<n by
Lemma 3.4. Suppose sup(q;,rj) >s z for some ¢,5 < n. Then sup(q;,r;) > sup(qx,ri) for
some k < n because sup(q;,r;) is meet-irreducible by Lemma 4.4. Item (i) implies that i = k,
and item (ii) implies that j = k. Thus for each i < n, r; is the unique y € E(r) such that
sup(q;,y) € E(z), and q; is the unique y € F(q) such that sup(r;,y) € E(z). Thus z witnesses
that F(r) matches E(q). O

We need one last fact about the r.e. separating classes to implement our coding in &. Let
{fn}new € 2¢ be a sequence of functions, and let m € w. Define @, fn and @, e\ frm} fn by

(@D f)((i,5)) = fi(j) and

(D fn><<i,j>>={§i(” L
new\{m} ’

Definition 4.8. A sequence of functions {f,}new C 2“ is strongly independent if and only if
Vm(fm 1 @new\{m} fn)- A sequence of II{ classes { X, }new is strongly independent if and only if
{fn}new is strongly independent whenever Vn(f, € X,).

Lemma 4.9 ([17] Theorem 4.1). There is a recursive sequence {Sy }new r.€. separating classes that
18 strongly independent.
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5. INTERPRETING TRUE ARITHMETIC IN &

In this section we prove that Th(&; <s) =; Th(N) and that TI3-Th(&) and T$-Th(&; <) are
undecidable. By Lemma 3.14, Lemma 3.15, and Lemma 4.7 it suffices to find a code w in & such
that M_ = N™. This section is analogous to [32] Section 5, in which it is proved that the first-order

theories of Dy and Dglcl are recursively isomorphic to true second-order arithmetic.

Definition 5.1. Let QQ be a H(l) class with no recursive member. Let A be an infinite recursive set,
and let {0y, }nea be a recursive sequence of pairwise incomparable strings such that (J, o4 I(0n) =
24\ @ (for example, let T be a recursive tree such that @ = [T] and let {0}, }n,eca be the strings
o ¢ T of minimal length). Let {S,},ca be an infinite recursive sequence of IIY classes. Define
spine(Q, {Sn }nea) to be the I1Y class

Spine(Q7 {Sn}nEA) =QU U on” Sh.

neA

The next lemma gives the analog of Lemma 3.4 for spines.

Lemma 5.2. Let QQ be a H(l) class with no recursive member. Let {S,}nca be an infinite recursive
sequence of r.e. separating classes (indexed by a recursive set A) that is an antichain and is such
that Q £s Sy, for alln € A. Let w = degs(spine(Q, {Sn }nea))-

(i) If x € & meets to w, then x < degs(Sy) for some n € A.

(i) E(w) = {degy(Sy) | n € A}.

Proof. Let W = spine(Q, {Sn}nea)-

(i) Let x € & be such that x meets to w. Suppose for a contradiction that x %5 degs(Sh)
for all n € A. Let X be a II{ class such that x = degs(X), and let Y be a I1Y class such that
degs(Y') witnesses that x meets to w. That is, Y > W and W =, 0" X U17Y. Let ® be such that
P(QUUpea0n " Sn) COOXULTY,

Claim.
(a) ®(0,"Sn) C17Y foralln € A and
(b) ®(Q) C17Y.

Proof of claim. If item (a) fails, then for some n € A there is a clopen C' C 2% such that (o,”S,) N
C # 0 and ®((0,,"S,)NC) C0°X. So (6,°S,) NC >5 0" X =¢ X. The class 0,,° S, is an r.e.
separating class because S, is, so (0,°S,) NC =5 0,,” Sy, =s Sp, where the first equivalence is by
Lemma 4.3. Thus the contradiction X <g S,,.

If item (b) fails, then there is an f € @ and a o C f such that ®(0)(0) {= 0. Since I(0) € Q,
there is an n € A such that o,, D 0. Hence ®(0,~S,) € 17Y, contradicting item (a). O

The claim shows that ®(Q U J,,c,, 0n"Sn) € 17Y. Thus Y <; W, which contradicts Y >¢ W.
(ii) Let n € A. To see that degs(Sn) € E(w), let Y = QU U;ca\fny 0775

Claim. S, ;Y

Proof of claim. Suppose for a contradiction that ® is such that ®(S,) C Y. If thereisani € A\{n}
such that ®(S,)N(0;7S;) # 0, then there is a clopen C' C 2¢ such that S,,NC' # () and ®(S,NC) C
0;"S;. Hence S, = 5, N C by Lemma 4.3, and S, N C > 0;,7°5; =5 5;. This contradicts that
{Sn}nea is an antichain. Thus ®(Sy,) N (0;°5;) = 0 for all n € A. Therefore ®(S,,) C Q. This
contradicts Q %5 Sy. O

It is easy to check that W =, 075, U 17Y, so, by the claim, degs(Y') witnesses that degs(.Sy,)
meets to w. The degree degs(S),) is meet-irreducible because it is an r.e. separating degree. Thus
degs(Sn) € E(w).
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We have shown that {degs(S,) | n € A} C E(w). To see equality, let x € E(w). By item (i),
x <g degs(Sy,) for some n € A. E(w) is an antichain by Lemma 3.3 and degs(S,,) € E(w), so it
must be that x = degs(Sy,). O

We now have all the ingredients to find a code for NV in &;.
Lemma 5.3. There is a code W in & such that M = N~.

Proof. By Lemma 4.9, let ) be an r.e. separating class and let {So , }new, {S1.n}new, and {S2., tnew
be recursive sequences of r.e. separating classes such that {Q} U {So.n }new U {510 new U {S2.n }necw
is strongly independent. Then let

wo = degs(Wp) for Wo = spine(Q, {So.n}new)
w1 = degg(W1) for Wy = spine(Q, {S1,n}new)
wo = degg(Wa) for Wy = spine(Q, {S2.n }new)
m = degs(M) for M = spine(Q, {So.n ® S1,n}tnew U {Son ® S2.n}tnecw)s
£ = degs(L) for L = spine(Q, {S0; ® S1; | i < j}),
p = degs(P) for P = spine(Q, {So,; ® S1,; ® Sa i | i+ 7 = k}),
t = degs(T) for T = spine(Q, {So,; ® S1; ® Sa | i X j =k}),
d = degs(D) for D = spine(Q, {So,; ® S1,; ® Sa . |1 =7 =k}),
z = degs(S0,0), and
o = degs(So,1)-

By Lemma 5.2 item (ii), E(wo) = {degs(S0.n) }ncw- The map degs(So,n) — n is the isomorphism
witnessing ./\/lv_v =~ N7. Clearly z — 0 and o — 1. We show that the map preserves <. The
proofs that the map preserves +, x, and = are similar. Let ¢,j € w. If i < j, then degs(S51 )
meets to wi by Lemma 5.2 item (ii), and it is easy to see that sup(degs(So;), degs(S1;)) >s m
and that sup(degs(So;), degs(S1,;)) >s €. Thus R%(degs(So,:), degs(So,;)). Conversely, suppose that
R%(degs(Soﬂ-),degs(SQ,j)). Let u; € & be such that u; meets to wy, sup(degs(So,;), u1) > m,
and sup(degs(Sp;),u1) >s £. Since u; meets to wyq, it must be that u; <g degs(Si ) for some
k € w by Lemma 5.2 item (i). Thus sup(degs(So,;), degs(S1%)) >s m. However, if k # j, then no
member of Sy ; ® 5], computes any member of M by strong independence. Thus u; <g degs(S15),
which implies that sup(degs(So,i), degs(S1,5)) >s £. Again by strong independence, if i £ j, then
no member of Sp; ® 51 ; computes any member of L. Hence i < j. O

Higuchi also used spines of recursive sequences of independent r.e. separating classes to prove
that & is not a Brouwer algebra [13].

Theorem 5.4. Th(&; <) =1 Th(N).

Proof. We first prove Th(&s; <g) <1 Th(N). Let {T.}ecw, be a uniformly recursive sequence of trees
representing all TIY classes as in Lemma 2.3. Given a sentence @ in the language of partial orders,
produce an equivalent sentence in the language of partial orders by replacing every atomic formula
x = y by the formula z < y Ay < z. Then produce a sentence ¢ in the language of arithmetic by
replacing every atomic formula z < y by the ¥ formula from Lemma 2.2 expressing [T,] <s [T,].
Then & | 6 if and only if N = .

For Th(N) <1 Th(&s; <), by Lemma 5.3 let W be a code in & such that M_ = A", Removing
the degree d from the code w gives a code v such that Mg = N. & has the finite matching
property by Lemma 4.7, thus Th(N) <; Th(&; <) by Lemma 3.14. O

Theorem 5.5. X3-Th(&;) and $9-Th(&; <s) are undecidable.
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Proof. There is a code w in & such that /\/l‘;, =~ N~ by Lemma 5.3. The results then follow from
Lemma 3.15. g

Fragments of first-order theories were not considered in [32]. The refined coding scheme used
here also shows that Zg—Th(ﬁ) and X9-Th(L; <) are undecidable for £ = Ds, Dy, Ds 1, Dy,

01 01
DS » and Dw@.

6. THE DEGREE OF & 1S 0"
In this section, we consider the complexities of presentations of &;.

Definition 6.1. A presentation of & as a partial order consists of a relation <pC w X w such that
the structure P = (w; <p) is isomorphic to (&;<g). A presentation of & as a lattice consists of a
relation </C w X w and functions sup,: w X w — w and inf;: w X w — w such that the structure
L = (w;<gz,supg,inf,) is isomorphic to &.

We measure the complexities of presentations by their Turing degrees.

Definition 6.2. The degree of a presentation P of & as a partial order is degp(P) = degr(<p).
The degree of a presentation £ of & as a lattice is degr (L) = degr (< G sup, G infr).

Equivalently, the degree of a presentation is the Turing degree of its atomic diagram, suitably
Godel numbered.

Lemma 6.3. There is a presentation L of & as a lattice with degp (L) <t 0.

Proof. Let {T.}ec., be a uniformly recursive sequence of trees representing all T1{ classes as in
Lemma 2.3. Since [T;] < [T}] is a X property of (i,j) by Lemma 2.2, we can use 0" to make
a new sequence of trees {T”}.c,, such that {[T!]}ecw contains exactly one representative for each
degree in &. Inductively, let T be T; for the least i € w such that (Vj < e)([Ti] #s [T}]). Again
using 0", for 7, j € w define i < j if and only if [T]] <, [T}], define sup,(3, j) to be the k € w such
that [T}] =s [T} ® T}], and define inf£(4, j) to be the k € w such that [T}] =5 [07°7] U1"T}]. Then
L =& and degp (L) <t 0. 0

We prepare to show that every presentation of & as a lattice computes 0”. Let { X, }new be a
recursive sequence of II{ classes, and let m € w. Define ®,,.,, X» and Qnew\ fm} Xn by

Rx.={P

vn(fn € Xn)} and

new new
® X :{ @ fn Vn(n#m—)fneXn)}.
new\{m} new\{m}

The predicates Vn(f, € X,) and ¥Yn(n # m — f, € X,,) are IIY because the sequence {X,}ncw
is recursive. Hence ),,c,, Xn and @),,c )\ fm) Xn are 19 classes. If {S(An, Bn)}new is a recursive
sequence of r.e. separating classes, then one checks that

Q) S(An, Ba) = S(P An. @ B.) and

new new new
R S(Au. Bn) ( P An,< an Bn>u{(m,k>|k€w}>.
new\ {m} new\fm}  new\{m}

These two I1{ classes are in fact r.e. separating classes because any H(l) class that is a separating
class must be an r.e. separating class. If T is a recursive tree such that [T] = S(A, B) for A, B C w,
then A={n| (3s>n)(Vo€2%)(c €T —-o(n)=1)}and B={n| (Is>n)(Vo € 2%)(c € T —
o(n) = 0)}, both of which are r.e.
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Lemma 6.4. Let Q be an r.e. separating class, and let (e, m,k,l) be a recursive predicate. Then
there is a recursive sequence of 11 classes {X<e’m>}<e7m>€w such that for all e,m € w

degy (Xiem) = 4 if Vk3lp(e,m, k, £)
AR T dega(Q) if IWVL—p(e, m. K, 1),

Proof. Let A and B be disjoint r.e. sets such that Q@ = S(A, B). Let {As}scw and {Bs}scw be
recursive stage enumerations of A and B respectively. For e,m € w, let X(c ;) be the r.e. separating

class Xy = S(C<e,m>, D<e,m>) where

Clemy = Uk, x) | 3s(z € As AN (VL < 5)(—p(e,m, k,{)))} and
Dy = {(k,z) | 3s(z € Bs A (VL < 5)(—p(e,m, k,{)))}.

For all k € w, the k™ column of C,,) is a subset of A, and the k™ column of D, is a subset
of B. Thus C. ) and Dy ) are disjoint. The sequences {Cc ) }e;mycw a0d {Diem) }ie;mycw are
uniformly r.e., which implies that the sequence {X <67m>}<e7m>6w is a recursive sequence of TI{ classes.

To see that X .,y has the desired degree, first suppose that Yk3lp(e,m, k, £). In this case, the
set Ce ) is recursive. To determine if (k,z) € C\c ), search for the least £ such that ¢(e,m, k, £),
which must exist by assumption. Once £ is found, enumerate A up to stage £. Then (k,z) € C(. )
if and only if v € Ay. X, ) contains the characteristic function of C', ,, which we have just shown
is recursive, so degg (X<e,m>) = 05. On the other hand, if IkVl—p(e, m, k, ¢), then fix a witnessing k.
In this case, the k™ column of Clem) 18 A, and the kM column of D¢y is B. Given f € 2¥, let fj
be the function fy(z) = f((k,z)). If f separates C ) from D, then fj, separates A from B.
Thus the functional f — fi witnesses X(,,) >s Q. The functional f + g where g((i,z)) = f(z)
always witnesses Q >s X(.,,). Hence degs (X(e,m>) = degs(Q). O

Lemma 6.5. If L is a presentation of & as a lattice, then 0" <t degr(L).

Proof. Let £ = (w; <r,sup,,inf;) be a presentation of &. Let f: & — L be an isomorphism. Fix
a Y3-complete set C' C w. We show how to compute C from <, @ sup, @ inf,.

By Lemma 4.9, let @ be an r.e. separating class and let {Sy}new and {S1,}new be recursive
sequences of r.e. separating classes such that {Q} U {Son}new U{S1n}new is strongly independent.
Then let

wo = degs(Wh) for Wo = spine(Q, {So.n }new),
wi = degs(W7) for Wi = spine(Q, {S1,n}new),

v = degs(V) for V= ® So,ns

new
r = degs(R) for R = spine(Q, { Ry }new), where R,, = ® So,m;
mew\{n}
m = degs(M) for M = spine(Q, {So.n ® S1,n}new), and
p = degs(P) for P = spine(Q, {So,n & Sl,nJrl}nEw)'

Let {Z.}ecw be a recursive sequence containing all TI{ classes as in Lemma 2.3. Let D C w be
the set

D={e|In(ne CNZ <s Son NV <s Z. @ Rp)}.

Dis Eg because C'is Zg, the sequences {Z¢ }ecw, {S0n tnew, and { Ry, }new are recursive, and <y is Z‘g
by Lemma 2.2. Let ¢(e,m,k,£) be a recursive predicate such that D = {e | ImVkIlp(e,m,k,{)}.
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By Lemma 6.4, let {X <e,m>}<€7m>€w be a recursive sequence of I classes such that for all e,m € w

demn (o) = O if Vk3to(e, m, k, 0)
gs (e,m) - degS(Q) lf EIka—'ﬁp(e,mka)'

Let x = degy(X) for X = spine(Q, {Ze ® X(c.m) }e.myew)-

The procedure for determining whether n € C' from <, @sup, @ inf, uses the fixed parameters
f(wo), f(w1), f(r), f(v), f(m), f(p), f(degs(So,0)), and f(x). Given n € w search L for elements
a;; for i <2 and 1 < j <n and for an element b satisfying the conditions

(i) ai; meets to f(w;) for all i <2 and all 1 < j < mn,
(i) supg(ao,j,a1,5) >¢ f(m) for all 1 < j <mn,
(iii) Supﬁ(a(),j, a17j+1) Zﬁ f(p) for all 0 < j <n-— 1 (Where ap,0 = f(degs(SQo))),
(iv) b meets to f(r), and
(v) supg(aon,b) >, f(v).
When the search is completed, output “yes” if f(x) <; ag, and output “no” otherwise.

First, observe that the above search is recursive in <, @sup, @inf, because the “meets to”
relation is r.e. in <y @ sup, ®inf,. Furthermore, the search will always terminate because the
elements a;; = f(degs(S;;)) for all ¢ < 2 and all 1 < j < n and the element b = f(degs(Ry))
satisfy conditions (i)—(v), and the search will eventually find them. Conditions (i) and (iv) follow
from Lemma 5.2 item (ii), which says that the meet-irreducibles that meet to w; are exactly the
degs(S;,;7) and that the meet-irreducibles that meet to r are exactly the degs(R,). Notice that @
and {R;};c. satisfy the hypothesis of Lemma 5.2 because {Q} U {Sy ;};cw is strongly independent.
Conditions (ii) and (iii) are easy to see. For condition (v), it is also easy to see that Sy, ® R, =5 V.

We need to show that the procedure outputs “yes” on input n if and only if n € C. Let a;; for
i<2and 1< j<nand b be the elements found in the search performed on input n.

Claim. For alli <2 and all1 < j <n, a;; <, f(degs(Si;))-

Proof of claim. For each i < 2 and each 1 < j < n, let A;; be a H(f class such that degs(4; ;) =
f‘l(ai7j). By condition (i) of the search and Lemma 5.2 item (i), Ao,1 <s So,m and A;; < S for
some m, k € w. Condition (iii) implies that Sp o ® S >s P, which is false by strong independence
unless k£ = 1. So A; 1 <¢ S1,1. Knowing this, condition (ii) implies that So, ® S1,1 >s M, which
is false by strong independence unless m = 1. So Ap;1 <s So,1. Now proceed by induction. Let
1 < j < n and assume that Ag; <¢ Sp; and that A;; <51 ;. Just as in the argument for the base
case, Ao j+1 <s So,m and A; j41 <s S for some m,k € w. Sp;®S ; > P by condition (iii), which
implies that k = j 4+ 1. Som ® S1,j+1 >s M by condition (ii), which implies that m = j + 1. O

At the end of the search, ag, <, f(degs(So)) by the claim, b meets to f(r) by condition (iv),
and sup,(agn,b) >, f(v) by condition (v). By Lemma 5.2 item (i), b <. f(degs(R,,)) for some
m € w. However, if m # n, then Sy, <¢ R,,, in which case Sy, ® Ry, =5 Ry, ;_45 V. Thus it must
be that b <, f(degs(Ry)).

Suppose n € C. Since {Ze}ecw lists all the TIY classes, there is an e € w such that degs(Z.) =
f_l(aoyn). This e satisfies In(n € C AN Ze <s Son ANV <s Z. ® Ry,). Thus e € D, which means
ImVk3lp(e,m, k,£). If m is such that Vk3Ilp(e,m, k, £), then we have that degs(X(c ) = Os and
Ze ® X(emy =s Ze- Thus X < Z, which means f(x) <z ag,. Thus “yes” was the output.

Suppose n ¢ C. We show X £s S0 ..

Claim. For alle,m € w, Sop #s Ze ® Xiem)-

Proof of claim. If degs(X e m)) = degs(Q), then Sy, 25 Ze ® X (e ) because Son, #s Q by strong
independence. If degs(X(c n)) = Os, then Vk3lp(e,m, k, ). Therefore e € D, so there is an n’ such
that n’ € C, Z, <s Sov, and V <; Z. ® R,y. Notice that n # n’ because n ¢ C' and n’ € C.
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Therefore Sy, <s Ryr. So if Son >s Ze, then Ry > Ze. So V £ Ry =s Ze ® Ry, a contradiction.

Hence Son s Ze @ X (e m)- O

Suppose for a contradiction that @ is such that ®(Sp,) € X. If there are n,m € w such that
®(So,n) N (0(emy” (Ze @ X(emy)) # 0, then there is a clopen C' C 2 such that Sp, N C # () and
P (Sp,nNC) C a<e,m>“(Ze ®X<e’m>). So,n =s S0,n N C by Lemma 4.3, and Sy, NC > (0<6’m>“(Ze ®
X<e’m>)) =s Ze @ X(¢my- This contradicts the claim. Thus ®(Sp,) N (O’<e7m>f\(Ze ® X<e,m>)) =10
for all e,m € w. Therefore ®(Sy,) C Q. This contradicts Q £s S,. Hence X %5 So . It follows
that f(x) £ aon because ag,, < f(degs(Son)). Thus “no” was the output. O

Theorem 6.6. The degree of & as a lattice is 0. That is, there is a presentation of E as a lattice
recursive in 0" and 0" is recursive in every presentation of E as a lattice.

Proof. Lemma 6.3 proves that there is a presentation recursive in 0"/, and Lemma 6.5 proves that
0" is recursive in every presentation. O

Corollary 6.7. & has no presentation as a partial order recursive in 0.

Proof. In any lattice, the relations sup(z,y) = z and inf(x,y) = z are definable from the partial
order by H(l] formulas. Thus if & had a presentation as a partial order recursive in 0’, it would have
a presentation as a lattice recursive in 0”. This contradicts the theorem. ]

Of course the same argument shows that & cannot have a presentation as a partial order recursive
in any degree d such that d’ <t 0"

7. UNDECIDABILITY IN &y

In this section, we code N~ in &, thereby showing that X3-Th(€y) and X9-Th(Ey; <) are
undecidable. In place of separating classes, our coding of N'~ in & uses Simpson’s ¥ embedding
lemma and his embedding of R into &y.

Lemma 7.1 (X9 embedding lemma [38] Lemma 3.3). Let S C w® be X3 and let P C 2% be a I1Y
class. Then there is a I1{ class Q C 2% such that Q =, S U P.

In the Muchnik case, inf(degy(S),degy(P)) = degw(S U P) for any S, P C w®. For this
reason, the Y9 embedding lemma may be phrased as “if S is ¥ and P is a IIJ class then
inf(degy (S5),degw(P)) € Ey.” For our purposes, P is always DNRg, so degy (P) = degyw(DNRg) =
1y, the greatest element of &,.

If Ais an r.e. set, then {A} is a X9 (in fact a II3) subset of 2. One of Simpson’s original
applications of his 33 embedding lemma is to show that the map degr(A) — inf(degy({A}), 1)
is an upper-semilattice embedding of R into &, preserving the least and greatest elements [38]. To
show that this map is indeed an embedding, Simpson uses the following variant of the Arslanov
completeness criterion, which we also employ.

Lemma 7.2 (see [16] Lemma 4.1 and [40] Theorem V.5.1). If A is an r.e. set, then DNRy <, {A}
if and only if A =10

Proof. Tt is easy to compute a function in DNRy from 0'. Conversely, if A computes a function
in DNRg, then A computes a function f such that Ve(Wyy # We), where here {W,}cey, is the
standard enumeration of the r.e. sets (such an f is called fized-point free; see [16] Lemma 4.1). Thus
A =1 0’ by the Arslanov completeness criterion (see [40] Theorem V.5.1). O

For comparison, it is not known whether R embeds into &. See [5] for further results concerning
embedding distributive lattices in & and &.

For us, the key property of the degrees inf(degy({A}),1y) for r.e. sets A is that they are all
meet-irreducible in &, (of course these degrees are generally meet-reducible in Dy,).
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Lemma 7.3. If A is an r.e. set, then inf(degy({A}), 1w) is meet-irreducible in .

Proof. Suppose x,y € &, are such that inf(degy({A}),1w) >w inf(x,y). Either degy({A}) >w x
or degy({A}) >w y because degy({A}) is the degree of a singleton. As 1, > x and 1y >y y,
either inf(degy ({A}),1w) >w x or inf(degw ({A}),1w) >w y. O

If {A,}nep is a uniformly r.e. sequence of r.e. sets indexed by a recursive set B (i.e., the set
{{n,m) | n € BAm € A,} is r.e.), then {A,}nep is a ¥I subset of 2¥ and it follows that
inf (degw({An}ne B), 1W) € Ey. In place of Lemma 4.9, we use the following simpler fact.

Lemma 7.4 (see [40] Section VIL.2). There is a uniformly r.e. sequence of r.e. sets {Ap}new that
1s strongly independent.

Notice that Lemma 7.4 is also a consequence of Lemma 4.9. If {S(A,, By)}new is a recursive
sequence of r.e. separating classes that is strongly independent, then {A,}nec, and {B;}nen are
both uniformly r.e. sequences of r.e. sets that are strongly independent.

Now we have the following analog of Lemma 5.2.

Lemma 7.5. Let { A, }nep be an infinite uniformly r.e. sequence of r.e. sets (indexed by a recursive
set B) that is a <p-antichain. Let w = inf(degw({An}neB), lw).

(i) If x € &y meets to w, then x <y inf(degyw ({An}), 1w) for some n € B.
(ii) E(w) = {inf(degw({An}),1w) | n € B}.

Proof. (i) Let x € & be such that x meets to w, and suppose that x %y, inf(degy ({An}), 1) for
all n € B for a contradiction. Since x <y 1y, it must be that x %, degy ({A,}) for all n € B. Let
y € &y witness that x meets to w. That is, y >y w and inf(x,y) = w. Let X and Y be II! classes
such that x = degy(X) and y = degw(Y). Then X UY <, {A,} for all n € B. Thus Y <y, {4,}
for all n € B because X £y {A4,} for all n € B. Therefore Y <, {A,}nep, which implies that
y <w W, a contradiction.

(i) Let n € B. To see that inf(degy({An}),1w) € E(w), let y = inf(degy ({Ai}icp (n})s Lw)-
It is easy to check that inf(inf(degw({A4,}),1w),y) = w. Moreover, inf(degy({4n}),1w) 2w ¥.
This is because {A,} Zw {Ai}icp\(n} as {Ai}icp is a <r-antichain and because {A,} #w DNRy by
Lemma 7.2 (note that A,, <t 0" because {A;};cp is a <p-antichain). Thus y >, w, and therefore y
witnesses that inf(degy ({An}), 1w) meets to w. The degree inf(degy ({An}), 1w) is meet-irreducible
in & by Lemma 7.3. Thus inf(degw ({A4n}), 1w) € E(w).

We have shown that {inf(degw({A4n}),1w) | n € B} C E(w). To see equality, let x € E(w).
By item (i), x <y inf(degw({An}),1lw) for some n € B. E(w) is an antichain by Lemma 3.3 and
inf(degw({An}), 1w) € E(w), so it must be that x = inf(degyw ({A4n}), 1w). O

We are now able to code N in &,.
Lemma 7.6. There is a code W in &, such that Mg = N ™.

Proof. The proof is very similar to the proof of Lemma 5.3. By Lemma 7.4, let {4y, }necw,
{A1 1 }new, and {As 5, }new be uniformly r.e. sequences of r.e. sets such that { A, }new U{A1 1 }ncwU
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{A2 n}new is strongly independent. Let

wo = inf(degw (W), 1w) for Wo = {Aon}new:
w1 = inf(degyw (W1), 1y) for Wi = {411} news
wo = inf(degy (Wa2), 1y) for Wa = {421} new,
m = inf(degy (M), 1y) for M ={Aon ® Al ntnew U{Aon ® A2 tnecw,
£ = inf(degy (L), 1y) for L={Ap;®A1j|i<j},
p = inf(degw(P), 1w) for P={A0;®A1;® Agy | i +j =k},
t = inf(degw(7T), 1w) for T={A0; ®A1; DAy |ixj=k},
d = inf(degyw (D), 1y) for D={Ay; ®A1; ®Ag | i = j =k},
z = inf(degw({Ao0}), 1w), and
o = inf(degw({A40,1}), 1w).

To aid readability, let a; ; = degw({A4;;}) for all i < 3 and j € w. By Lemma 7.5 item (ii),
E(wo) = {inf(ag 5, 1w) tnew. The map inf(ag,, 1) — n is the isomorphism witnessing M_ = N~
Clearly z — 0 and o — 1. We show that the map preserves <. The proofs that the map preserves
+, x, and = are similar. Let 4,j € w. If i < j, then inf(a; j, 1) meets to w; by Lemma 7.5
item (ii), and by distributivity

sup(inf(agp j, 1w), inf(a1 ;, 1w)) = inf(sup(ap j,a1,;), 1w)
= inf(degw ({Ao; ® A1,;}), 1w)
>w m, and
sup(inf(ag i, 1w), inf(ay j, 1)) = inf(sup(ag;, a1 j), 1w)
= inf(degw ({Aoi ® A1,5}), 1w)
>y L.
Thus Rj(inf(ag;, 1w),inf(ag j, 1w)). Conversely, suppose that Rj(inf(ag;, 1w),inf(ag , 1w)). Let
u; € &, be such that u; meets to wi, sup(inf(ag j, 1), ur) >w m, and sup(inf(ag;, 1w),u1) >w £.
Since u; meets to wy, it must be that u; <, inf(a; 3, 1w) for some k € w by Lemma 7.5 item (i).
Thus sup(inf(ag j, 1w), inf(a; 4, 1w)) >w m, so by distributivity
inf(degw ({Ao; @ A1 x}), 1w) = inf(sup(ap j, a1 1), 1w) = sup(inf(ap ;, 1w), inf(a; x, 1)) >w m.

However, if k # j, then {Ao; & A1 x} Fw M by strong independence and {Ag; & A1} #w DNRy
by Lemma 7.2. This implies that inf(degyw({Ao; ® A1x}), 1w) Zw m, so it must be that k = j.
Thus u; <y inf(ay j, 1), which implies that sup(inf(ag;, 1w),inf(a1 ;,1w)) >w £. Then

inf(degw({oni &) Al,j})a 1W) = inf(sup(ao,i, al,j), ]-w) = Sup(inf(ao,i, ]_W), inf(al,j, ]-w)) Zw E
So if i £ j, then {Ag; ® A1,} #w L by strong independence and {Ay; & A1 ;} #w DNRy by
Lemma 7.2, giving the contradiction inf(degy ({Ao; & A1;}), 1w) 2w £. Hence i < j. O
Theorem 7.7. ¥3-Th(€y) and X3-Th(Ey; <y) are undecidable.

Proof. There is a code w in &, such that M% =~ N~ by Lemma 7.6. The results then follow from
Lemma 3.15. U

Clearly then Th(Ey; <) is undecidable. Unfortunately we do not yet know how to prove anything
like the finite matching property for & to obtain Th(N) <; Th(Ew; <y). The proof of the finite
matching property for & (Lemma 4.7 above) appeals to a lemma of Cole and Kihara that grew out
of Cenzer and Hinman’s proof that & is dense. By analogy, perhaps progress must be made on the
density of &, before further progress is made on the complexity of Th(Ey; <y ).
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