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Indestructibility

We say that an L-large cardinal & is indestructible by a class A of
forcings if, after forcing with any P € A, x will remain L-large in
the extension.
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Indestructibility

We say that an L-large cardinal & is indestructible by a class A of
forcings if, after forcing with any P € A, x will remain L-large in
the extension.

We often need to apply some preparatory forcing beforehand,
which makes the indestructibility hold.
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Indestructibility

We say that an L-large cardinal & is indestructible by a class A of
forcings if, after forcing with any P € A, x will remain L-large in
the extension.

We often need to apply some preparatory forcing beforehand,
which makes the indestructibility hold.

Theorem 1.1 (Laver; ‘79)

After forcing with the Laver preparation P, a supercompact
cardinal k will be indestructible under < k-directed closed forcing.



Indestructibility Subcompactness The Preparatory Iteration

0e00

(e]e] (e]e]

Further indestructibility results

Theorem 1.2 (Gitik, Shelah; ‘89)

One can make the strong compactness of k indestructible under
k+-weakly closed forcing satisfying the Prikry Condition.

Theorem 1.3 (Hamkins; ‘00)

If some amount of GCH is assumed then, using the Lottery
Preparation, one can make the \-supercompactness of k
indestructible by < k-directed closed forcing of size at most \.

Proof
00000000
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Lottery Sums

Definition 1.4
The lottery sum of a class A of forcings is the disjoint sum

OA:={(Q,p): Qe ANpecQ}U{L}

with a new element 1 above everything and order given by
(Q,p) < (R,q) when Q =R and p <g q.

Since compatible conditions must have the same Q, the forcing
‘holds a lottery’ among all forcings in .A. The generic filter selects
a ‘winning’ poset and forces with it.
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Minimal counterexamples

A counterexample to the L largeness of k is (Q, A, k) such that:
1. Qis a < k-directed closed forcing;
2. kis A — L large;
3. IFg (K is not A — L large).

A counterexample (Q, \, k) is minimal if (A, n) is lexicographically
least among counterexamples, where n = | TC(Q)|.
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Minimal counterexamples

A counterexample to the L largeness of k is (Q, A, k) such that:
1. Qis a < k-directed closed forcing;
2. kis A — L large;
3. IFg (K is not A — L large).

A counterexample (Q, \, k) is minimal if (A, n) is lexicographically
least among counterexamples, where n = | TC(Q)|.

This definition works for large cardinal properties £ where x being
A — L large implies that « is v — L large for all v < A.
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Supercompact and subcompact cardinals

Definition 2.1 (Magidor Characterisation)

A cardinal k is A-supercompact if and only if there exist ordinals
Kk < A < k and an elementary embedding j : V5 — V) with critical
point & and j(k) = k.
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Supercompact and subcompact cardinals

Definition 2.1 (Magidor Characterisation)

A cardinal k is A-supercompact if and only if there exist ordinals
Kk < A < k and an elementary embedding j : V5 — V) with critical
point & and j(k) = k.

Definition 2.2 (Subcompact Cardinals)

A cardinal k is a-subcompact for some « > « if for all A C H,,
there exist K < @ < k, A C Hs and an elementary embedding

T (H@,E,A) — (Ha, €, A)

with critical point & such that 7(k) = k.
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Subcompact cardinals
H,

If kis a-subcompact for some o > k then k is 3-subcompact for
all k < B < a.
If K is a-subcompact for all & > k then & is fully supercompact.
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The preparatory iteration

Definition 3.1

Fix a cardinal k and an a > k. Define inductively an Easton
support iteration <IP’§,Q$>7<H and a sequence (05, 75)y<x as
follows: suppose that P§ has been defined and that 67, n have
been defined for each v < 4.

® If 6 > 65, nf for all v < ¢ then let Q’g denote a P§-name for
the lottery sum of all forcings Q with | TC(Q)| < & such that
(Q,6,0) is a minimal counterexample for some 6 < k. Let
ny = | TC(Q)| and 05 = 6 for such Q and 6.

® QOtherwise let Q’g denote a P§-name for the trivial forcing and
let 05 = 1 =nf.
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Some lemmas

Lemma 3.2
|P%| < k. and we may w.l.o.g. assume that Pt C H,,. O

We will also need to use the following well-known results.
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Some lemmas

Lemma 3.2
|P%| < k. and we may w.l.o.g. assume that Pt C H,,. O
We will also need to use the following well-known results.

Lemma 3.3

If P is a forcing notion which doesn’t collapse ov and x € H,, then
VpeP, plk(x € Hy) ie. IFp (x € Hy). O]
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Some lemmas

Lemma 3.2

|P%| < k. and we may w.l.o.g. assume that Pt C H,,. O
We will also need to use the following well-known results.

Lemma 3.3

If P is a forcing notion which doesn’t collapse ov and x € H,, then
VpeP, plk(x € Hy) ie. IFp (x € Hy). O]
Lemma 3.4

Let o be a regular cardinal, let P € H, be a notion of forcing. Then
VpeP, ifplk (x € Hy), then 3y € H, such that pl- (x =y). [
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The theorem

Theorem 4.1

Let k be a-subcompact for some regular cardinal o > k. Then,
after preparatory forcing with P%, the a-subcompactness of r will
be indestructible under any < k-directed closed forcing Q € H,,.
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The theorem

Theorem 4.1

Let k be a-subcompact for some regular cardinal o > k. Then,
after preparatory forcing with P%, the a-subcompactness of r will
be indestructible under any < k-directed closed forcing Q € H,,.

Proof: Suppose not. Then there is a minimal counterexample
(Q, ©, k) for some © < a.

We will show that k is in fact ©-subcompact in V|G, * g], where
G, is Pf-generic over V and g is Q-generic over V[G,].
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Proof sketch

vV V[Gn] V[Gm * g]

\U/O/@ H@

\@LL

O' He

Proof
0@000000
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Working in V

Solet AC Hg[G‘*g]. Since « is regular and Pf; Q € H, we have
by Lemma 3.4 that A = Bg, ., for some B C H, in V.
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Working in V

Solet AC Hg[G‘*g]. Since « is regular and Pf; Q € H, we have
by Lemma 3.4 that A = Bg, ., for some B C H, in V.

Since k is a-subcompact in V, there exist & < & < k, B C Hy and
an a-subcompactness elementary embedding

T (H@, €, B) — (Ha, €, B)

with critical point & and 7(R) = k.
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Working in V

Solet AC Hg[G‘*g]. Since « is regular and Pf; Q € H, we have
by Lemma 3.4 that A = Bg, ., for some B C H, in V.

Since k is a-subcompact in V, there exist & < & < k, B C Hy and
an a-subcompactness elementary embedding

T (H@, €, B) — (Ha, €, B)

with critical point & and 7(R) = k.

Add as a predicate a Pf-name, R, that Q interprets, as well as ©
and a P-name f for g, where g is a Q-generic which chooses Q in
the stage k lottery. So we have

L (H@,E,B,R,@,f__) — (HQ,E,B,R,@, f)
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The Lifting Criterion

Theorem 4.2 (The Lifting Criterion)

Let M and N be transitive models of ZFC—, let m : M — N be an
elementary embedding, let P € M be a notion of forcing with G
generic over P and let H be 7w(IP)-generic over N. Then the
following are equivalent:

® there exists an elementary embedding 7+ : M[G] — N[H]
with 77(G) = H and 7+ | M = N

e 7(p)e Hforallpe G
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The first lift

Since 7(p) = p— 1) for all p € Gz we may lift the
a-subcompactness embedding 7 in V to

wt (HalGil. €. Be,.2.8.2) = (HalGl. €, B, 0. ©.5)

with critical point & and 7 (&) = k.
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The first lift

Since 7(p) = p— 1) for all p € Gz we may lift the
a-subcompactness embedding 7 in V to

7T+ . (H&[Gl_i]a 67 BGkv @7 évé) — (Ha[GH]v 67 BG,wQ; @,g)
with critical point & and 7 (&) = k.
By elementarity B C Hg and (Q, 0, &) is a minimal

counterexample in V[Gz]. So we may choose it in the lottery sum
at stage K and, by elementarity, g chooses it.
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The second lift

Since 71 (g) = g the lifting criterion is again satisfied and so we
may lift again to get an a-subcompactness embedding for Bg, .g

ot (H&[GE * g|, €, EGg*ga(ZD) — (Ha[G,{ * g, €, BGn*g7@)
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The second lift

Since 71 (g) = g the lifting criterion is again satisfied and so we
may lift again to get an a-subcompactness embedding for Bg, .g

ot (H&[GE * g|, €, EGg*ga(ZD) — (Ha[G,.@ * g, €, BGn*g’@)

Let A = B,z and recall that Bg, ., = A and so 7 is in fact an
a-subcompactness embedding for A which maps A to A, i.e.

At (Ha[G,g 2], ¢, A, é) = (Ha[Gﬁ xgl €, A, e)
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Restricting the embedding

We have that:

Lemma 4.3

HY"8 = Hg[Grxg]  and  HYI®* = HelG, * g]
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Restricting the embedding

We have that:

Lemma 4.3

V[G xg| V[Gﬁ*g]

= Hp[Gr xg] and = Ho[G; * g]

Using these equalities we may restrict the a-subcompactness
embedding embedding in V[G, x g] to give a ©-subcompactness
embedding

T (Hg[c"*g],e,ﬂ, é) — (Hg[c”*g],e,A,@)

with critical point & and 7*(K) = k and so k is ©-subcompact in
the extension, so a contradiction is reached. O



Thank you for your attention



Two equalities

Now we will show that:

Hg ©9 = Hg |Gz * 2] M)
Hy "8l — Ho[G, * g] (2)

Equality 2 follows by Lemma 3.4. For Equality 1 we must also
show that Hg and Hg have not been altered by the iteration from
stage K to stage x + 1.

Now, P€ = IP”(Z x) ¥ Q is < O-strategically closed, since:

(R, k+1) —
Lemma 4.4

If in Pi there is no nontrivial forcing until beyond stage ¢ then it is
< d-strategically closed.



Preserving Hg and Hg

Now factor P% as PZ % Q * IP”(’”E Y then note that between stage

%+ 1 and stage © there can only be trivial forcing by the definition
of the iteration.

Thus, by the lemma, the tail of the forcing ]P”(‘R X) is ©-strategically
closed. Also Q is < k-directed closed in V[Gj], so the iteration
IP)'({I_Q ) * Q is ©-strategically closed.

Fact

A forcing adds no new subsets of H) if and only if it adds no
bounded subsets of A and a A-strategically closed forcing will add
no new bounded subsets of A.
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