kr(Pke-UOja( semmautcs for —EJP"* thesvy

N. Gawbiuwe

(jww S Awodey & S Hazvebpeor )

Leeds ~ Gheut Logic Sewiner

October Gtk , 202




Mo +tivahon

Models of HoTT Aw P\rcs'l«&e«{— Catcgownes

. siuplicial sets  ( Voevodskey , ... )

e cubical sefs (Coﬁuou& , Ortou & £itts Awedey | )

Cﬂ.te.%or:] - Ehesvetc (Awealc—g N & % Satt ‘e’\’, .- )

/, vie diagvawms
Two desoriptious

\ 10?0&‘ ( Coquau& et al., Orton & PI‘WS,—-.>

viaa. the _ntevrunal '(Tvpc Ehesvy

PROBLEM : How Do You PRELATE THEM ©




S{:rat—eﬁ:,

(. Fix o Pwesl/lea.-_(: c,cq‘c,a_ouj C = o

2 . Extrack the Auterual -/—:71,‘,\ 41,@,‘.:7 —hé\

Fiuw? Q. c,ouva,u‘e,u—(- /Mec,keuu‘c.o( w ey to tesl-

unfoldivg il iw diegvoes.

4 Aff&‘u’e’(ms to model S o~f- HeTT .



Out line

@ Presheaves
© e b s ok & peshent g
(3) Kvipke-Togel foreivg

@ APPL‘: cmbons



@

& >

@ Pvesheaves

Fix C swall cafegewy

Lek 6 =de( [C?; Sf_’tj

?ch\n&oué/s = Variable s=#s

(3]
v
x
\

o

\4

X
o

/




C <> > T =L et

c F - 3(‘)
it {pvcshea.{— represwkeoQ by <.

.

e (w St ze X & 14— X
%wwaus:&
/ eleweet of X
ax
o n T te XE) &y —> X

KeY Every presheaf s determived by Lts

gemnera Used elemweuts.



A~
The shuvctre of € = [ c¥F S_iﬁ'j

£ inhexits a (oF of stvoctore Afrowc S_e/f' :

o Llimwts eg. 4, AxB, AX, B ,_.
A
o Funchon Spaces ) B
® clq:wde,uf ProaL.»._—/‘t's , A [8) f~ B— A
e depeudent sowms , ZA[B> for B—A

KEYX We won £t need C,a.tcﬁo\/v - theovretic lor-ope/v-Hes ,

ou(:-j theiv (eaical Cpuwl:orfat/ts‘




The ubocbjcekt clasy fier

0 = % Erve |, —G-olf(—} 1S & Subobjc* c,lp.SSb(—{w) c-e.

>
s > A
|
Vi I ltvve, S=§_1-‘X I 0“(-.:,): EVue}
X —==—--=- >
o
‘|7>E-A : X Z 0 ) o [fz) PmPcsi‘Iﬁ'au- .

FACT : 6 has o mbchch hags Ler.




The sSwell wep clessif-er
fixed

inacessi ble

/ cavd ina |

| Al <

e A e Set is swall <f

* A mep p:A— X is small ~f AL = f_’['z) Swall Vx .

FAcT  Set has o cwall wep classifier

A > E
d
vp | [~
X — U
Jx
IPEA X <y > o (x) sl et Vz

FACT (Hofwosu- Streicker) & has o« swmall wep classifec.




@ The type €Cheog of E,‘:

DEFCIN(TION

« A Context [ o L. objeck

- A type a i coutext I

e Awn e_(emw‘l’ o O'F 'L"ﬂf“’— oc

map a: I'—> E such that

NoTATIoN Mro: U

T + a: e

1o



Coutet  exteasion

I+ o is a type

i oufrt T =
Euen T.a 1S a coutea®t
Substtrhon
t: A—T N ro«: U
ArFu(e): U
- A>T PN reae: o
<

A+ alE) :« (&)

Mk ——> E

£ Q
AN— D —F

U

A —> N — U

11



The ‘bﬂ pe bhu\fj _r_l‘.t.e

e Basic £'7pes : 1 , oL X (3 , ﬁu'
o Depeudenk  types S (8) , TL(R)
wik eleweu s
¢ A type of propesitious Q2 T,L, AT,
ovT, ovT, o7,
Yx :A)Cfz),
° SU\DS{/‘ EW {‘I.:o( I 0“(’1)} ( Lgx;A)r[x) |

No TE Expvessive ‘(:he,ij , <.9. theve 1< " v - UV s. 6.

s, — > A

m+~ + .= &> \;é//\

12



EXQMFle (clcpwclwt Pwodugh)

mrro: U \".ott—P;U

re T, (R):V

Mo + b: (3 l"l-{::'l\'x(ﬁ) TFo: '

P e A(L) T (R) Mo oapp(t,e) s B(=)

Problewn

. tcs(:\'us,. \/o.(.lld,«\t'j may e harl (C-g Booleon —valved woal.&(,g>
. Wwaun kb awn altervuatti've (C_f— ﬂFora\A%'>

13



@ Kripke - Jogal Aovecing

DEF (NI TION Lek X to: U oud

We say bhet © fores @ w(x)

is Such thet
Q
3(:.) — E
z l l""
NoTAT1oN ClF a: u(:r.)

x - 5(&)——5 X .

if

a j(c)—" E

) 4



NoTe

Cc I a: o((’:.) <=>

| DEA

=

We vestvick to

a
yte) — E

zl l‘r\'

X — >V

Y (<) ?

j (‘) x X ol

E
Lw
v
gy() F o w@E)

( reereScu-(—obLe_ " owtestr

15



ReMARK

L X« — €

cCh a:wr) & (ze) .- J/ - i
A ~

4960 —— X —/— Y

SPECIAL CASE o X — L
{I:X\G’(")} —> 1
c b s . O’(:t.) = /,,‘7 ] J{
S // \L E\rue,
Yyl — X > O

=b We geb back Stoudaval K\N‘Pke-3—0:1°( ’FOVoiua_ /



ProposiTioN (Mon«f(‘onid(‘g) | £ C IF & & (x)

d r alf) : M(x-f-) for every F:d—>c.

PY oo-!—

‘j@) {-—) \j(a) >

qE@) ——> 96 = X T

E
L-.r
v

C
——— 7

c I+ o (=)
N — J

d v aF) : « (2f)

17



~ \ : . Theve L5 a
PROPOS IT (O (Uvu.Fof\Mt‘Ej> Lek o: X —>

bijgc;HM be troeze_ :

(1) elemeuts X Fa:«
(2) Hewilkes (o.,x_)x:jc_)x such +hat
(fremg) o Ik a,  «(x) ¥ xige— X
(_umiefo'fui‘f'j> a, £ = &, ¥ ox-ye— X

vl j-:&—-’c_

NOT‘E—: No d\m‘&orui"j L Stwlo\vi Kripke—-i)‘oaol ;-evau.g,

| &



Fovecing °1fr &&Feu&cu-(- Pro&»o&;

PRoPOS | TIoN There 4is a bijecbo betfiweceen

° e|ewm4s + sSvele Lt (N '6 : (T\-a (B)(x)

( ¥ £ .d-=< , dl}-o.:o((x-(-’)

such ot
C»_Fovdu.g,) d IF 5‘5:,“ : /3(1—53)@)
(owidoruity ) bgo (3) = bpy oy

19



@ APP‘ il catlous t HoTT

P eaf i
re sh categeories models of
i AAAD
w ike— Horr ¢
Quille.  model struckries Oniv -
(Awo‘Qég-meu, FWVM’WS

(w,c ,¥)

R TN

weak i \
eguivoleuces Cofilorohees Sfibreteus

Vowadrltj J. )

NoTe Axioms for o Gou e wodel  styuehne involve

o exstewce o-f- —FQWW‘S(HMS

° CAC(‘S"—GMCL Oﬂf' LE_F‘f:t’M.g,s / &Q%OW,Q —G\uw

20



ExAmPLE Top oadwits o Quillew wedel shochve  where

e fhvebas e tle wepd P A—> X such 4lot

-~

P

v
=] — A as
//’ E ‘
‘l 3 .-

A m mmm A~

v

| oy | T X z ~— T

3q1 3 a’oNa" s/

2|



CoOQUAND ET AL cousideved o»la,e,!a\/‘a&c. Quillew moLel

s tvvchvives W here oue vequUives aldditouwal Jaota L=+

/

o _f.uud-ov(o*( Mvi&a)b‘ous

erplicik choices =§  Udts [ diagoul Lillers |, oulgect

to 0mi§ovmi+j coditNous

ProBLEM Two descri pious of €hese :

o oa“:cao\nj — tUesvec

o W - ﬂM_eveLJc_ y ug\‘u_s_ —Lh&:\

NE XT o an @(QMPle,

22



~\

Fix a class GCof of wmeps i T = [aF st]

pEFINITIoN 4 ((Coqueud ek al, Ovon- Pitks ;.. )

letbt o: X—> U . A trivial fbretieer sbvvchAvve  ou

LS on elevieet t: TF‘\b(OL) ) wheve

TEb(x) = Ty 5 Myt Z., Y7

T

clossifier of cafilrobiow

( envevy l’“"‘}"& elevesl of o is  extenwble “ >

oL

23



DEEITION 2 (G Sattler | Awodesy ;.. ) ek p:A— X be < wep.

A oniferwr triviel Kbretac gtruche

such Aot

ow P L5 o-

V\MGC_-L‘-

¥V wm e Cof

Ve 7' — T .

24-



T HEOREM Let «: X—U. TFAE

e Theve

ts o Evivial LbvaCiow sEroctkore o 2 A

tue Seusc of Defivwitoun 4 .

e Theve

s o vul £o e {—c\pvn—“aw stvwehiie o P, X. .ot X
o o —F

KEeY

@

Use Kripke- Jogel  faveiug to relote

oniformity Aawpliait Au TU-type 4 Def 4

vuifovwity explict & Aw Delf 2.

25



MANY MORE AFPLICATIONS

e Unifovue 4 brahaus

e coustrvchou =f ciassf{giwg_ (ér/w

NoTe

- KriPke,—Uc»aA foraiug.  weoy be vieR
kids of algebvaic shuchves Ae

ol 9 £ bvotsous

olse Lo othen

Fvcshm—f— :_o»(—e@eu)c/s ‘

26



