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Pseudofinite structures
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Pseudofinite structures

Definition
An L-structure M is said to be pseudofinite if any of the following
equivalent properties holds:

@ Every L-sentence o that is true in M, is also satisfied in some finite

L-structure Mg . 5 5ood 0 Phve WM‘I’ ‘\\hg Is lwt
o M FIN,. stdﬁlm}e

& M is elementarily equivalent to an ultraproduct [],, M; of finite

L-structures. 2 90 P‘O\)ldi e X ow lLl)/) . )

Observation: An ultraproduct of finite structures can only be finite or of
size 2% Thus, the last condition allows us to describe structures that are
“similar’ to ultraproducts of finite structures, but have different
cardinalities (for example, can be countable).
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Examples of structures that are not pseudofinite

@ The linear orders (Q, <), (Z, <) are not pseudofinite.

@ The field (C,+,-) is not pseudofinite: the function f(x) = x2 is
definable and surjective, but not injective. Hence
(C,+,-) = VyIx(x? = y) A3x, y(x # y A x> = y?), but this cannot

be true in an;F'y mite tield. o —]

@ (Z,+) is not pseudofinite: the function x — x + x is injective, but not
surjective.
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Examples of structures that are pseudofinite

@ Every ultraproduct of finite £-structures is pseudofinite.

@ Pseudofinite fields:

Theorem (James Ax, 1968)

An infinite field K is pseudofinite if and only if it satisfies the following
conditions:

@ K is perfect.
Q@ K has a unique extension of degree n for each n € N. 41

Q K is pseudo-algebraically closed every absolutely irreducible variety over K
has a K-rational point.

@ Vector spaces over IF, are pseudofinite: we can simply take | [,, IF}.

@ The group (R, +) is isomorphic to | [,,(Z/pZ,+): both are
torsion-free divisible abelian groups of cardinality 2%°.

@ Vector spaces over (Q are pseudofinite in the language L.
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he random graph

Theorem (Erdés, Rényi - 1963)
Given a fix number r > 1, lim,_,, Prob (G(n, p) = A,) = 1. J

Here,

A =Vxq, ..., xVyv1,..., ¥ /\1<,J<rx, +yj — 32/\,<rZRX, ﬂzRy,-).

% Szar: ¥ L

aoumlobln. sluctor M
Theory of the random graph: Sa'l' I‘S"'Q mﬂ RG

RG = {Vx(—xRx),Vx, y(xRy — yRx)} U{A, : r > 1}.
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Definition

A tree is a (simple) graph without cycles. This property can be axiomatized
in the language of graphs L = {R} by the theory:

heories of tree-like graphs

Tree = {Vx(—xRx),Vx, y(xRy — yRx)}

’

n—1
J < —dxq, ..., X, /\ (xi # x;) A /\(X,-RX,-+1) AxaRxy | :n>35 1
\ 1<i<j<n i=1 )
v
Question
@ (May be too wide) Which kind of infinite trees are pseudofinite?
@ (perhaps less wide) Is every infinite tree of bounded diameter
pseudofinite?
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Pseudofiniteness in countable trees

Example of a countable tree that is not pseudofinite.

iiiiiiiiiiiiiiiiiiiiiiiiiii
---------------------------
iiiiiiiiiiiiiiiiiiiiiiiiiii

0(1;3,4) ‘= Ix [deg(x) = 3AVy(y # x — deg(y) = 4)]
Thi;;fntence does not have finite models, due to the Handshaking lemma:
N .
34 4n-1) = > deg(v) = 2E(6).¢ N

vevV
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he r-regular and the everywhere infinite forest

The theory T, is the theory of an infinite tree such that every vertex has
degree r. The theory T, (also known as the theory of the everywhere

infinite forest) is the theory of an infinite tree in which every vertex has
infinite degree.

1. b+
IRAEXTN = Js
% 45 GED WD i 3 N2,
oy

NS
R
SRRS
T

!%

!

Tso (artistic representation)
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Basic properties of T, and T

@ Both T, and T, = Tree U {Vx 32"y (xRy) : n > 1} are complete
theories, and have quantifier elimination in the language
L' ={D,:n> 0}, where D,(x,y) < dist(x, y) = n.

@ The theory T, is strongly minimal. Moreover, for every M = T, and

AC M,

aclp(A) = U acIM(a)@ connected %mponents of A
aeA A vz (x ,a‘ A VQ (X'LJ..\ L (de)
@ The theory T is w-stable of SU-rank w4 £
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Theorem (G., Robles)
The theories T, and T, are both pseudofinite. J

/Proposition

Let C = {G, : n € N} be a class of finite graphs such that:

(a) Each graph G, is rsregular (resp. dp-regular)

(b) girth(Gp) = oo

Then, every infinite ultraproduct M of graphs in C is a model of T, (resp.
a model of T if d, — .

A 061 = [ o 6
Ceeglor — (- 1egular V(L(6) cle)

SIEL(G\'-t — gl (L1Q) = 2¢ = V(6) *{o,l7
Y.
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Why study pseudofinite structures?

o If M =1]],;, M; is an ultraproduct of finite structures, every definable

set gp(Mﬁ; b) has a non-standard cardinality

‘ (M b)| = [lp(M7; bi)[l € R,
@ The counting me e Zan be lifted

using tos" theorem to give notions of dimension and measure on their

ultraproduct. ﬁﬂ//q" P”L.mlolh "R SV

/lg(X\:‘ 3¢ Xn Dl , Go\lb‘lﬂﬂ, va In!
( Roole)

DI
IDol ?Fh(?s kind of finite/infinite coMnection can somgetimes be used o prove
qualitative properties of large finite structures.
» Szemerédi's Regularity (Goldbring, Towsner)
» Freiman conjecture for non-abelian groups (Hrushovski)
» Expanders maps in finite fields (Tao)
>

Stable graphs and Erdés-Hajnal conjecture
(Malliaris, Shelah / Chernikov, Starchenko)
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Strongly minimal ultraproducts of finite structures

Theorem (Pillay, 2015)

Let M = ][;, M; be a strongly minimal ultraproduct of finite structures,
and |et@€ N* be the pseudofinite cardinality of M (o« = |M]). Then,
—

@ For any definable (with parameters) set X C M", there is a
polynomial Px(x) € Z[x| with positive leading coefficient such that
| X| = Px(a). Moreover, RM(X) = degree(Px).

Q For any L-formula ¢(X,y) there is a finite number of polynomials
Pi,..., Py € Z[x] and L-formulas ¥1(y), . .., ¥«(¥) such that:

(a) {vi(y) :i < k} is a partition of the y-space.
(b) For any 3, [o(MX!:3)| = Pi(«) if and only if M = v;(3).

vy

For instance, if M = (R, +) =] ],(Z/pZ,+), and we consider the formula
©(x1;¥1,¥2) 1 X =y1V X # y», we have

[p(M; a1, )| {

(87 if dl — ao,

a—l'ifal#ag.
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Consider the theory T, and an ultraproduct of finite graphs M |= T,

@ For the formula p1(x; y1, v2) := Da(x, y1) A D3(x, y»)

‘902(M7 di, 32)‘ — <

(r(r—1)

it M =
it M =
it M

= Di(a,22) ) A (g \

= Ds(y1, y2)

— —D1(a1,a2) A Ds(a1, a»)

@ For the formula @3(x; y1, y2) := = Da(x, y1) A =D3(x, y2)

l‘?a(“,quazﬂ - 0(,

—_ l (01 (M,aMQz\ l
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Asymptotic classes
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Asymptotic classes of finite structures

Definition (Macpherson, Steinhorn) - 00)

Let C be a class of finite L-structures. We say that C is a\l-Himensional
asymptotic class if for every L-formula gp(@ y) there is a positive constant
> 0 and a finite set E, C R”° such that the following hold:

_ &
a) Forevery M € C anda € MY, either |p(M;3a)| < C or there is i € E

such that ) ¢ l"” .
Hso(M,a)l—u!MHéo“mf* Tl

(b) For every € E there is a formula 1, (y) such that for every M € C,
anda € MY, M |=v,(3) & (*) holds.

y

Elwes (2007): notion of N-dimensional asymptotic classes, with dimensions
0, %, %, e % for formulas in one variable.
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Examples of asymptotic classes g (Z/nZl ” S
|

L?) Finite fields. (Chatzidakis, van den Dries, Macyntire) f

@ Finite cyclic groups. (Macpherson, Steinhorn, based on Szmielew)

@ Finite simple groups of fixed Lie type. (Elwes)

@ Finite fields with a Frobenius automorphism. (Ryten)
@ Paley graphs: V-.: T’q 7(,13 x,-s I5 & W1-1&0
d9vant
Theorem (Bollobas, Thomason - 1985) 1

Let U, W be disjoint subsets of F, (g =1 (mod 4)), such that

0 .
|UU W| = m, and let S be the set of non-zero squares in F,. Let v(U, W)
be the set of elements x € F, such that x — U C Sand x — W CF, \ S.

1 m
Then, ||v(U, W)| — 2—qn;| < i(m — 2+2_m+1)q% i g |

N ° Some classes of residue rings, e.g. {(Z/p?Z,+,-,0,1) : p prime}.

(Bello-Aguirre) 4 _|_D_l_ I
“drvasiomn| asynpotic class
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Ultraproducts of asymptotic classes

Theorem (Macpherson, Steinhorn)

Q If every ultraproduct of a class C is strongly minimal, then C is a
—————————————————————

1-dimensional asymptotic class.

Q Every infinite ultraproduct of structures in a 1-dimensional asymptotic
class is supersimple of SU-rank 1.

Similarly, every ultraproduct of an_ N-dimensional asymptotic class is
. . . "\——J
supersimple of finite rank (< N).

Idea: Each instance of dividing for formulas in one variable is witnessed by a drop of dimension.

In ultraproducts of asymptotic classes, there are only finitely many possible dimensions.

In general, the infinite ultraproducts of asymptotic classes are examples of
measurable structures: structures of finite SU-rank where there is a
well-defined notion of dimension and measure for definable sets, satisfying
definibility and additivity properties.
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Multidimensional asymptotic classes

Definition (Anscombe, Macpherson, Steinhorn, Wolf)

Let C be a class of finite structures and let R be any set of functions
C — R2Y. We say that C is an R-multidimensional asymptotic class (or
an R-m.a.c. if for every formula ¢(X,y) there is a finite ()-definable
partition ¢ of (C,y) and a set H, := {hp € R : P € ¢} of functions such
that

[o(M™X,3) — hp(M)| = o(hp(M))

for (M,3) € P, as |M| — c.
In addition, we say that C is an R-m.e.c (multidimensional exact class) if
in the condition above we have \gp(Mm],E)l: hp(M).

There is a corresponding notion for generalized measurable structures,
and it turns out that every ultraproduct of structures in an R-mac is a
generalized measurable structure.
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Examples of macs

@ (G., Macpherson, Steinhorn) The class of 2-sorted structures (V,F)
with V' a finite-dimensional vector space over F,. Given a formula
p(X,y) there is a finite set E, of polynomials g(V, F) with
coefficients in Q such that if M = (V/, F), then hp(M) has the form

g(|V],|F|) for some g € E,.
The ultraproducts of structures in this class are supersimple, but the

V/-sort may have rank w.

Q (Bello Aguirre) In the language of rings, for a fixed d € N we can
consider the class Cy of all residue rings Z/nZ where n is the product
of powers of at most d primes, each with exponent at most d. Then
Cq is a m.a.c. (after an appropriate expansion by unary predicates).

Recall here that the class {(Z/p?Z : p prime} is a d-dimensional asymptotic class.
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Theorem (G., Robles)
Let C = {G, : n € N} be a class of finite graphs such that each graph G, is

n- | ns . n )
drreglorand dy gNGD 2 os anl | B =Dy (H )

Let M be an infinite ultraproduct of graphs in C (a model of T,) and fix
the non-standard integers o« = |M| and 8 = [dp|s. Then for every formula
©(X,¥) in the language of graphs there is a finite number of polynomials
p1(X,Y),...,pu(X,Y) € Z|X, Y] such that:

@ For every 3 € MY, |o(MX,3)| = pi(c, B) for some i < k.

@ Moreover, there are formulas 11(y), ..., ¥k(y) such that for every
3 c M|7|’

M = ¥i(3)  |p(MX,3)| = pi(a, B).

This is enough to show that any class of graphs with the properties above
is a multidimensional exact class.
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Final remarks/questions

@ Which nice classes of graphs satisfy the conditions described to obtain
models of T,, T, as ultraproducts? (Ramanujan graphs, expanders,
etc.) [work in progress with Melissa Robles]

@ In famous examples of pseudofinite structures, what can we say about
the classes of finite structures approximating them?
For instance, is@ (the generic limit of the class of graphs with
predimension d,(X) = |X| — a|R(X)|) a generalized measurable
structure?

@ What kind of measurability properties are preserved when we apply
different constructions (H-structures, lovely pairs) to ultraproducts of
finite structures? [some progress here with A. Berenstein and T. Zou]

Example (Anscombe)

If M is the Fraissé limit_of a free amalgamation class then M is generalized

F

measurable. (note for example that the generic triangle-free graph is an
example, that has a TP1 and TP2 theory)

o
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