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What is an Ordinal?

(A, <) is a well-ordering if it is a strict total order such that any
non-empty subset X of A has an <-least element.

Definition
An Ordinal « is a transitive set which is well-ordered by €.
Let ORD denote the class of Ordinals.

| A

Proposition

« is an ordinal iff it is a transitive set of transitive sets.

Because € is an order, we will often switch between € and <.
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Basic Properties

e If o is an ordinal then so is a + 1 := a U {a},

If X is a set of ordinals then |J X is an ordinal,

b<a— (+1<aq,

For any ordinal o, 0 € a + 1,

Trichotomy: For any o, 3, a =B ora € for € «,

@ Every non-empty set of ordinals has an &-least element,

Every ordinal is one of

e 0, o A successor, e An additive limit.
a=F+1 VBeapf+lea
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Non-constructive Principles

o (Law of Excluded Middle) ¢ V —p
@ (Double Negation Elimination) =—¢ — ¢

o (Some Classical Logical Equivalences) (¢ — ¢) — (—¢ V ¢)

Foundation: Va(3x(x € a) = 3x € a Vy € a(y ¢ x))

@ “Least elements” of sets

Axiom of Choice / Well-Ordering Principle

Definition by cases which differentiate between successor and
limit ordinals

—p is interpreted as ¢ — (0 = 1).
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IZF is the theory ZF with intuitionistic logic instead of classical
logic.

Definition (IZF)

o Extensionality @ Pairing

o Empty Set @ Unions

@ Power set
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IZF

Definition (IZF)

o Extensionality @ Pairing
o Empty Set @ Unions
@ Power set

e Set Induction (For any formula ¢(u),
Va(Vx € a o(x) — ¢(a)) = Va ¢(a))

@ Collection (For any formula ¢(u, v) and set a,
Vx € ady o(x,y) = 3bVx € ady € b p(x,y))

@ Separation (For any formula p(u) and set a, {x € a: p(x)} is
a set)

e Strong Infinity (3a (Ind(a) A Vb (Ind(b) — Vx € a(x € b))))*.

ind(a)=0€a A Vxca(xU{x}€a)



Intuitionism
[eeX Yolo)

IKP

Definition (IKP~'"f)

@ Extensionality o Pairing

e Empty Set @ Unions

e Set Induction (For any formula ¢(u),
Va(Vx € a ¢(x) — ¢(a)) — Va ¢(a))

@ Bounded Collection (For any ¥ formula ¢(u, v) and set a,
Vx € ady o(x,y) = IbVx € a3y € b o(x,y))

@ Bounded Separation (For any X formula ¢(u) and set a,
{x €a:p(x)}is a set)

Definition (IKP)
IKP is IKP~'" plus strong infinity.
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Ordinary Ordinal Oddities

Definition
An ordinal is a transitive set of transitive sets.

RENEIS

e If o is an ordinal then so is a + 1 := a U {a}.
o If X is a set of ordinals then |J X is an ordinal.
e fecaAHpP+lea+l

e Vo (0 € a+ 1) implies excluded middle!

Trichotomy
@ « is trichotomous V3 € aVy e a (B €yV B =vV~yEPpP).

@ It is consistent with IZF that the collection of trichotomous
ordinals is a set!
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Ordinary Ordinal Oddities

Definition

An ordinal is a transitive set of transitive sets.

e If o is an ordinal then so is a + 1 := a U {a}.

o If X is a set of ordinals then |J X is an ordinal.
e fecaAHpP+lea+l
e Va (0 € a+ 1) implies excluded middle!

v

An ordinal « is a weak additive limit if VB € a« 3y € a (B € 7).

An ordinal « is a strong additive limit if V3 € a (f 4+ 1 € a).
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Truth Values

Given a formula ¢, an important ordinal is
a, ={0€1l:p}
Naively, if we don’t assume ¢ V —¢ then «, is neither 0 not 1.
In general we let
Q=P1)={x:xC1}
be the class of truth values.

If Q = 2 then the Law of Excluded Middle holds.

Note that

Oca,+1=0€a,V0=a, = ¢V p.
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History

@ The constructible universe was developed by Godel in papers
published in 1939 and 1940 to show the consistency of the
Axiom of Choice and the Generalised Continuum Hypothesis
with ZF.

@ There are 2/3 main approaches to building L. both of which
are formalisable in KP:?

o Syntactically as the set of definable subsets of M (See Devlin -
Constructibility)

o Using Godel functions (See Barwise - Admissible Sets) or

o Using Rudimentary Functions (See Gandy, Jensen, Mathias)

@ The syntactic approach was then modified for IZF by
Lubarsky (Intuitionistic L - 1993)

@ And then for IKP by Crosilla (Realizability models for
constructive set theories with restricted induction - 2000)

2In fact significantly weaker systems - see Mathias: Weak Systems of
Gandy, Jensen and Devlin, 2006
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Godel Functions

O‘Fﬂ X,y :Xﬁmy (Ny={u:Vvey(uev)}

(
o Fu(x,y) =Ux,

°
&
X
NS

|

X

X
=

F(x,y) =xN{z€2"(y): yis an ordered pair
Nz e1¥(y)},

fv(x’ y) = {X”{Z} 1 Z E y}, (x"u={v:ve29x)A (uv) € x})
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Godel Functions

® Faom(x,y) = dom(x) = {1%(z) : z € x A
z is an ordered pair},

o Fran(x,y) = ran(x) = {2"(z) : z € x A
z is an ordered pair},

o Fiz3(x,y) ={
o Fiz(x,y) ={
o Fu(x,y) ={{v,u) ey X x:u=v},
o Fe(x,y) = {{

u,v,w): (u,v) €Ex N wey},
uw,v):(u,v) Ex N wey},

V,u) €y X X:UE V}

V.

Let T be the finite set indexing the above operations.




Constructibility
00®000000

Generating Constructible Sets

Lemma (Barwise: Admissible Sets, Lemma 11.6.1, (M.))

For every ¥ formula ¢(vi,. .., vy,) with free variables among
Vi,...,Vp, there is a term F, built up from the Gédel functions
such that

IKP F Fy(at, ... an) = {(Xn,...,x1) €an X ... X a1 :@(X1,...,%n)}

e Call a formula ¢(x,...,x,) a termed-formula or t-formula if
there is a term F, such that the conclusion of the lemma
holds.

@ Proceed by induction on ¥y formulae to show that every such
formula is a t-formula.

Ol
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Universals

Suppose that ¥(v1,...,Vyt1) is a t-formula.

Fy(ar, - an ant1) = {(Xng1s Xn, -+ - X1) € @ng1 X an X ... X ap s (X1, -+ o5 Xn, Xpy1) }

O(Viyeo oy Vi b) =VVor1 € bY(va, ..., Vor1), bE {v1,...,vn}

First note that Fy(Fy(a1, ..., an, b), b) =
{ran(Fy(a1,...,an, {z})) : z € b}.
Therefore (a1, ..., an, b) can be expressed as

{{Xny...,x1) €Ean X ...xa1:Vxp41 € b Y(x1,...Xn)}
= (apX...xa1)N

{w :Vxpt1 € b (Xpt1,w) € Fy(ar,...,an {xnt1})}
= (apx...xa)N

ﬂ {ran(Fy(a1, ..., an, {xnt1})) : Xnt1 € b}

= .7:m<a,, X ... X ay, fv(fw(al,...,a,,,b),b)).
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Universals

Suppose that ¥(v1,...,Vyt1) is a t-formula.

Foyplar, .-, an, apy1) = { (X1 Xny -+ - s X1) € apy1 X an X ... X ap s P(xg, ..., Xn» Xn41) }

O(Viyeo oy Vi b) =VVor1 € bY(va, ..., Vor1), bE {v1,...,vn}

Therefore Fy(a1,. .., an, b) can be expressed as

Fn <a,, X ...x a1, Fy(Fy(a1,...,an,b), b)>

O(Vi, ..o, Va) = VWit € vy Y(ve, ..., Vatl)

Let O(vi,...,Vn, b) =VVpt1 € b (Vap1 € vj = (Vi ..., Vat1))
which is a t-formula. Then

{(Xn, ..., x1) € an X ... X a1 VXpp1 € X Y(X1, ..., Xny1)}

={(Xn,...,x1) €ap x ... ><a1:9(x1,...,xn,Uaj)}.
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Bounded Separation

Theorem (Barwise: Corollary 6.2)

For any ¥y formula ¢(vi, ..., v,) with free variables among
Vi,...V, there is a term F, of n arguments built from the Gédel
functions such that:

IKP~/f ]—"(p(a,xl, ey X1, Xig 1y - - ,Xn)
= {xi€a:p(x1,...,xn)}

@ Let F, be such that IKP~'"f deduces that
Fo(ar,...yan) ={(Xn,...,x1) €ap X ... X a1 o(x1,...,Xn)}
@ Then our required set can be built from
ftp({xl}7 O {Xl'—l}v aj, {Xi+1}a B {X"})

by using F,., n — i times and then Fyom.
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Definition
For aset b, D(b) = bU{Fi(x,y) : x,y € b A i€ T}

Definition
For a an ordinal, Ly = Uge, D(Lg U {Lg}).

L= JLa.
(07

Definition (Assuming Strong Infinity)
For a set b, Def(b) := U, P"(b U {b}). For a an ordinal,
Lo = Upeq Def(Ls)

new

L= Uﬁa.
(o)

N
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The Axioms of L

Proposition (IKP)
For all ordinals c, 3:
Q /fBcathenLg C L, and Lg C L,
Q@ L,cLyy1and Ly € Lo,
© L, is a transitive model of ¥ separation,
Q L,=Lya-

Theorem

| \

For every axiom, v, of IKP " 1IKP~—I"f - goL. Moreover,
IKP~""f 4 “strong infinity" - (strong infinity)".

v

For every axiom, ¢, of IZF, IZF + goL.
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Axiom of Constructibility

We want to prove that (V = L)X, But, L = Upcorpny La and we
don't know if ORD N L = ORD N'V. However, (V = L)" will be
immediate from the following:

Lemma (Lubarsky)

For every ordinal « there is an ordinal a* € L such that L, = L+

Definition (Hereditary Addition)

For ordinals o and ~y, hereditary addition is defined inductively on
o as

a4y = (U{B+H725€Q}U{a})+7

where “+" is the usual ordinal addition. Also

@+u7)" = (UiB+u7: 6 € a}Ufa}).
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Lemma (Lubarsky)

For every ordinal « there is an ordinal a* € L such that L, = L+

@ Proof by induction on a.

@ Fix k € w such that for all ordinals & and T,
{veL,:D(LyU{L,}) C Lo} € Ly 1.

o o :={y € Ly )~ : D(LyU{L,}) C Lo} € Lotk

o Claim: If 5 € o then g* € a*.
o Therefore Lo = | D(LgU{Lg}) = | D(Lg- U{Lg-})
BEa BEa
c U P, U{L,}) = Lo O

yea*
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Kripke Models

A Kripke model is a collection of “possible worlds" along with a
binary relation which gives us some information as to how the
worlds are related to one another.

Alternatively, a Kripke
model is a collection of My

“states of knowledge"

and p is related to q \ /
indicates that if we e . Mo
know p then it is \Ml/ Mz/
possible that we shall

know g at a later \ /

stage.
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Kripke Models

A Kripke model is an ordered quadruple 2 = (K, R, D, ) where

@ [ is a non-empty set of “nodes”,

@ D is a function on IC,

@ R is a binary, reflexive relation between elements of /C,

@ ¢ is a set of functions ¢ 4 for each pair p,q € K with pRq
such that the following hold.

e For each p € K, D(p) is an inhabited class structure.

o If pRq then tpq: D(p) — D(q) is a homomorphism.

o If pRq and qRr then 1p, = tqr 0 tpg-
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Forcing(ish)

Now, for atomic formulae ¢, let p I ¢ denote that D(p) = .
Then IF can be extended to arbitrary formulae by the following
prescription:

@ For no p do we have p IFL,

plFoAYiff plk @ and plF 9,

plEop Vv iff plk @ or plF 1,

p IF @ — 4 iff for any r € I with pRr, if r - ¢ then rIF ),
p IF Vx o(x) iff whenever pRq and d € D(q), q IF ¢(d),

p IF 3x ¢(x) iff there is some d € D(p) such that p IF p(d).
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Validity

Let # = (K, R, D, ) be a Kripke model and p € K.
@ A formula ¢ is said to be valid at p iff p IF .

@ A formula ¢ is valid in the full Kripke model, written % |- ¢,
if for every p e IC, plF .

@ (Hendtlass, Lubarsky)

It is possible to add a model structure to %", V(%) such that

V() =p<=VVpeKplo.

Theorem (Hendtlass, Lubarsky)

If for each p,q € IC, D(p) = ZF and OrRD N D(p) = ORD N D(q),
then V(%) = 1ZF.
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Interpreting the initial node

Let # = (K, R, D, ) be a Kripke model.

Definition

Define #P to be the truncation of the Kripke model to
KP:={q € K:pRq}. So KP is the cone of nodes which are
related to p.

Fact

|| \

Given p € K and x € D(p) we can define an interpretation xP such
that if pRgq then g IF xP = x9.

v

This gives us a way to talk about the past worlds in the current
one.
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Same Ordinals, Same Reals

Suppose that N C M are models of 1ZF such that N satisfies the
following weak incidence of excluded middle:

for any set {a, : n € w} of distinct sets, if we have x such that
X € Uan and for some k, x & U a, then x € a.
n n#k

Further suppose that in N there is an ordinal o such that o & w
and w < a. Then

OrRDNM = OrRD NN = (“2)M = (*2)N.
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The Proof

OrRDNM = OrRD NN = (“2)M = (*2)N.

Fix a € N such that @ € w and w Z «,
Note that this is also true in M.
Also, (a+1) Z w

So, {nU(a+1):n€w}is aset of w many pairwise
incomparable ordinals.

ie. f m#nthen mU(a+1)¢nU(a+1).
For f € (“2)M define
¢ = (JI(nU (a+ 1))+ f(n)].

new
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The Proof

OrRDNM = OrRD NN = (“2)M = (*2)N.

0 5 = Upeol(nU(a+1))+ f(n)] € ORD N M = ORD N N.
@ Now define a function g: w — 2 in N,

glk)=1<= (kU(a+1)) €
< f(k) =1.

And so f € N.

e Note that, in M, if (kU (a4 1)) € 0f then
(kU(a+1)) € (nU(a+ 1))+ f(n) for some n,

@ Butforn# k, (kU(a+1)) & (nU(a+ 1))+ f(n),

@ So(kU(a+1))e(kU(a+1))+f(k)and f(k)=1.
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Could it all go wrong!?

Suppose that V is a model of IZF, P € L a partial order and that
there exists some set {a, : p € P} C P(1) such that for all
p,q € P:3

Q@ o, # 0 (that is ~(Vx € ap (x # X)) ),
@ If p # g then a, # aq,

Q L., = ap.

@ Let G C P be generic.

@ Classically, G ¢ L because forcing doesn't add ordinals and
definability is absolute.

o Intuitionistically, Lo ufa,} = 1 U ap U {ap}.

@ Define g :=1U{ap:p € G}

31t is unclear how to make all three of these points simultaneously hold!
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Could it all go wrong!?

Suppose that V is a model of IZF, P € L a partial order and that
there exists some set {a, : p € P} C P(1) such that for all
p,q € P:3

Q@ o, # 0 (that is ~(Vx € ap (x # X)) ),

@ If p # q then a, # ag,

Q Lap = Qp.

° L5G = U'yeé(; D(L’Y) =Ly UpEGD(Lap)
=UpeclUap U {ap}.

@ Butap,cLs. <= pecG

@ Therefore, since Ls.,P € L,

G={peP:a,ecLs}ell

31t is unclear how to make all three of these points simultaneously hold!
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Theorem

It is consistent to have a model of 1ZF such that

OrRDNV # OrRDN L.

Sketch.

The desired model will be V(%) where
@ I is the two node Kripke structure {1, a},
e D(1) = D(«) = Lc],
@ c is a Cohen real over L,

@ ¢ is the identity.

1 Lic]
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It is consistent to have a model of 1ZF such that

OrRDNV # OrRDN L.

@ Let cP be the interpretation of ¢ at node p
@ Then pl-cP & L.
e So, V(X)) Ec¢L.

o Let 1, be the ordinal in V(") which looks like 0 at 1 and 1
at a.

0, ifp=1

1l : K —2 la(p) =
(P) {1, if p=a.

@ Then, in V(#), 1, C1and L1, = 1,.
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Theorem

It is consistent to have a model of 1ZF such that

OrD NV # OrD N L.

@ Define . to be an ordinal encoding c, for example,

0 = U(aUn)+c(n)

{aUn:c(n)=0}U{aUnU{aUn}:c(n)=1}
= {aUn:new}U{{aUn}:c(n) =1}

@ Then c(n) =1 if and only if (U n) € 4,
@ So,sincece L < o, €L,
@ i € L.
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Other Odd Ordinals

Theorem

It is consistent with ZFC to have a model of IZF +V = L plus a
non-trivial automorphism of the universe.

Find a model of IZF with two non-zero ordinals o, aq € P(1)
with ap # ag which are indistinguishable.

Theorem

It is consistent with ZF C plus a measurable cardinal to have a
model of 1ZF plus a non-trivial elementary embedding j: V — M
and an ordinal k such that

o wEK, o L, E1IZF,

o Va ek jla) =q, e k is a weak additive limit,

e k€ j(k), o w+1l¢k.

A




The Model &

Suppose that % is a Kripke model and that for each node p, D(p)
is a model of ZF. We shall simultaneously define the set of objects
at p, MP = {J, MP?, inductively through the ordinals.
So suppose that {Mg : p € K} has been defined for each 8 € «
along with transition functions kp g : M7 — M for each pair pRgq.
The objects of MP¥ are then the collection of functions g such that

e dom(g) = KP,

o g[K9 e D(q),

° g(q) - U,Bea Mg'

o If h e g(q) and gRr then kq,(h) € g(r).
Finally, extend kp 4 to MP by setting ky 4(g) := g [ K9. Then the
objects at node p are |J, MA.
We now define truth at node p for formulae by the following:

e plkgeh < glKPeh(p),

e plkg=h << g[KP=h[KP,

@ For logical connectives and quantifiers we use the rules for I-.
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