Determinacy and inner models

Sandra Muller

University of Vienna

Nov 5, 2020

Ghent-Leeds Virtual Logic Seminar

Sandra Miiller (University of Vienna) Determinacy and inner models Nov 5, 2020



@ Games of length w

@ Games of countable length o > w

@ Games on reals
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Games in Set Theory
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Which games are determined?

o Gale-Stewart, 1953: Assume ZFC. Then every open and every closed
set is determined. %’

@ Martin, 1975: Assume ZFC. Then every Borel set of reals is
determined.

@ Martin, 1970: Assume ZFC and that there is a measurable cardinal.
Then every analytic set is determined.

@ Martin-Steel, 1985: Assume ZFC and there are n Woodin cardinals
with a measurable cardinal above them all. Then every X; | set is
determined.

o Gale-Stewart, 1953: Assuming AC there is a set of reals which is not
determined.
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Determinacy and large cardinals

Are large cardinals necessary for the determinacy of these sets of reals?

How can these large cardinals affect what happens with the sets of reals?
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Inner Model Theory

The main goal of inner model theory is to
construct{ L/like models, which we call mice,
for stronger and stronger large cardinals.
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Godel's constructible universe L

Let E be a set or a proper class. Let

Jo[E] =0
Ja+1[E] = fUdE(Joz[E] U {Ja[E]})
JA[E] = | JalE] for limit A
a<A

LIE] = |J JulB]
aeOrd

v

Note that rudg denotes the closure under functions which are rudimentary
in E (i.e. basic set operations like minus, union and pairing or intersection
with E).
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Basic properties of L

Condensation Let o be an infinite ordinal and let

M < (Lg, €).
Then the transitive collapse of M is equal to Lg for some
ordinal 5 < a.
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Basic properties of L

Condensation Let «¢ be an infinite ordinal and let
M < (Lg, €).

Then the transitive collapse of M is equal to Lg for some
ordinal 5 < a.
Comparison Let L, and Lg for ordinals a and 3 be initial segments of L.

Then one is an initial segment of the other, that means

- LaﬁLﬁ OrLﬁﬁLa.

>
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An equivalence for Analytic Determinacy

Theorem (Harrington, Martin)

The following are equivalent.
© Al analytic games are determined.
@ 7 exists for all reals x.
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An equivalence for Projective Determinacy

Theorem (Neeman, Woodin)

Let n > 1. Then the following are equivalent.

1
Q X!, -determinacy. ?: det x Ziua - de
@ For every x € R the wy-iterablg"countable model of set theory with n
Woodin cardinals M (z) exists~—" ““F oxisls
L 202 il

For (a) = (b) see (M, Schindler,
L \ ! d\,\ Woodin) “Mice with Finitely many
R PRV \'$ Woodin Cardinals from Optimal
1 C‘MA\ Determinacy Hypotheses”, JML 2020.

For (b) = (a) see (Neeman) “Optimal
proofs of determinacy II”, JML 2002.

X
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Why stop playing at w?
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Theorem (Mycielski, 1964)

AD,,,, determinacy for arbitrary games of length w;, is inconsistent.
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Theorem (Mycielski, 1964)

AD,,,, determinacy for arbitrary games of length w;, is inconsistent.

Proposition
Detw,(nﬂ)(l'[%) implies Det,, (IT}, ).
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What we know

Theorem (Mycielski, 1964)

AD,,,, determinacy for arbitrary games of length w;, is inconsistent.

Proposition
Dety,.(n+1)(IT}) implies Dety, (IT), ).

Theorem (Neeman, 2004)

Let & > 1 be a countable ordinal and suppose that there are —1 + «
Woodin cardinals with a measurable cardinal above them all. Then
Det,,.o(I11) holds.
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Large cardinals from determinacy
‘ﬁ/‘%‘

Let’s focus on the first interesting level a = w + 1. '[(;

Theorem (Aguilera-M, JSL 2020)

Suppose Det,,.(,,+1) (ITI}). Then there is a premouse with w + 1 Woodin
cardinals.

In fact, the proof will only use Det,2(TL3).

—
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A short sketch of the proof

In a first step, we use the determinacy hypothesis to show the following
lemma.

Suppose Det,2(II}). Then there is a club C in P, (R) such that for all
AecC,

o = A, and
M, (A) = AD.

W

WA
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A short sketch of the proof

In a first step, we use the determinacy hypothesis to show the following
lemma.

Suppose Det,2(II}). Then there is a club C in P, (R) such that for all
AecC,

Q@ Mi(A)NR=A, and
@ M;(A)F AD.

Theorem (M, MALQ 2019)
For A € C as above, M,(A) E DC.
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A short sketch of the proof

In a first step, we use the determinacy hypothesis to show the following
lemma.

Suppose Det,2(II}). Then there is a club C in P, (R) such that for all
AecC,

Q@ Mi(A)NR=A, and
@ M;(A)F AD.

Theorem (M, MALQ 2019)
For A € C as above, M,(A) E DC.

This allows us to argue that in fact J,_& U

M;(A) E DC + AD +"%? has the scale property” +
© = 6y + Mouse Capturing. € ({’S

Sandra Miiller (University of Vienna) Determinacy and inner models Nov 5, 2020 14



A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin
cardinals.
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A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin
cardinals.

1@

M (A)
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A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin

cardinals.

16

1@

M (A)

|

M{ (A)[g]in]

@ g generic for a Prikry-type forcing, adds a premouse M with w Woodin cardinals
B

@ h is Col(w, <A)-generic for A the sup of these Woodins
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A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin

cardinals.

16

1@

M (A)

|
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M (A)[gllh]  Leo[MI[R]

@ g generic for a Prikry-type forcing, adds a premouse M with w Woodin cardinals

@ h is Col(w, <A)-generic for A the sup of these Woodins
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A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin

cardinals.
. .

15 15
Sot-------- &o

R

use descriptive
inner model theory

1@

M) M)A LeolMIlR]

@ g generic for a Prikry-type forcing, adds a premouse M with w Woodin cardinals

@ h is Col(w, <A)-generic for A the sup of these Woodins
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A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin

cardinals.
A
— — L
I
I
I
+4 16 +

I
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A A = supyc,, O
use descriptive 61
inner model theory (So

1@

M#A)  MF(A)[gl[h] LeMIH] Leo [M]

@ g generic for a Prikry-type forcing, adds a premouse M with w Woodin cardinals

@ h is Col(w, <A)-generic for A the sup of these Woodins
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A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin

cardinals.

~ ~
A
— — L L
: restrict extenders :
| and add them |

+6 ) o T
I I

ot -------- o o

A A = supyc,, O
> :
use descriptive 61
inner model theory (So
1@

M#(A)  MF(A)g)n] LeoMIR]  P(Leo [M])

@ g generic for a Prikry-type forcing, adds a premouse M with w Woodin cardinals
@ h is Col(w, <A)-generic for A the sup of these Woodins
Sandra Miiller (University of Vienna)
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A short sketch of the proof

Now, we use AD to translate M;(A) into a premouse with w + 1 Woodin
cardinals.

L
: restrict extenders
| and add them
1s T0 - 6/\ x@
R o T

A 1 X = supye,, o

R

use descriptive
inner model theory T

AQ@
M#(A)  MF(A)g)n] LeoMIR]  P(Leo [M])

@ g generic for a Prikry-type forcing, adds a premouse M with w Woodin cardinals

@ h is Col(w, <A)-generic for A the sup of these Woodins
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Games on reals
As common, we write R fo@

(1

T X Ky o

~

Sandra Miiller (University of Vienna) Determinacy and inner models Nov 5, 2020 16



Games on reals

Proposition

Suppose
reals o? len

IREN
7
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Games on reals

Proposition

Suppose Det, 2 (IT}). Then Det®(IT}) holds, i.e. all analytic games on
reals of length w are determined.

Theorem (Aguilera-M, NDJFL 2020)

The following are equivalent:
@ Projective determinacy for games on R;
Q Mfl(R) exists for all n € N.
waeSUSR
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@ Games of length w
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@ Games of countable length o > w “Wcﬂk/ S'S o{, I\WQ
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@ Games on reals “:r(tﬂ)

“There is an ever changing list of questions in set theory the
answers to which would greatly increase our understanding of the
universe of sets. The difficulty of course is the ubiquity of
independence: almost always the questions are independent.”

(W. H. Woodin in Suitable Extender Models 1)
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