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Some Features

Antitonicity
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Applications to Natural Language

(I) Fix a set of basic types B and a partial ordering on it.

(II) Assign a set of elements from the (free) pregroup 
generated over B to each element of the vocabulary of 
our natural language.
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Simple Examples
Men sleep.

Mary slept.

Mary saw John.

Mary may see John.
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Elaborate Examples
Some men sleep.

All men die.

Some people eat raw meat.
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More Elaborate Examples

Some tall men and old women slept.

All men live and die. 

Who eats vegetables?

People who eat vegetables.
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Movement Rule (1): If prq is in the type of the verb, so is qpl.
Movement Rule (2): If qpl is in the type of the verb, so is prq.

Rule (1) describes the movement of a word with type p from before the verb to after
it. In the original sentence, this type will cancel out with a type pr that occurs in the type
of the verb. After the movement, it will cancel out with a type pl in the new type of the
verb. Rule (2) describes an opposite movement, i.e. when a word with type p moves from
after the verb to before it, hence originally it cancels out with a type pl within the type of
the verb, but after the movement with a pr.

We distinguish between two types of movement: single and multi. Taking the basic
word order as the reference frame, the former is when only one word changes its place of
occurrence in the sentence, e.g. by moving from after the verb to before it. The latter is
when two or more words do single moves. The second type of movement and respectively
its formalization, is more complex. In fact, it was to accommodate this kind of movement
that we had to allow for repetitive applications of the above rules.

3.1. Single Moves. The mobilizer of this type can be the subject or either of the
objects. In each case, they will appear right before the verb after the movement. If the
mobilizer is the subject, i.e. János, then the temporal adverb yesterday moves to after the
verb, as follows

János vitt el tegnap két könyvet Péternek.
János took yesterday two books to Péternek.

⇡ (⇡rsolwl�l) � w o

To derive the new type of the verb, we apply rule (1) to the original
type (�r⇡rsolwl), by taking q to be ⇡rsolwl and p to be �.

If the mobilizer is the first object, i.e. two books, then it moves to before the verb. The
above sentence and its typing change as follows

János tegnap két könyvet vitt el Péternek.
János yesterday two books took to Péternek.

⇡ � w (wr�r⇡rsol) o

To derive the new type of the verb, we apply rule (2) to the original
type (�r⇡rsolwl), by taking q to be �r⇡rsol, and p to be w.

If the mobilizer is the second object Péternek, then it moves to before the verb, as follows

János tegnap Péternek vitt el két könyvet.
János yesterday to Péternek took two books.

⇡ � o (or�r⇡rswl) w
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To derive the new type of the verb, we apply rule (2) to the subtype
�r⇡rsol of the original type, by taking q to be �r⇡rs and p to be o.

The verb can also be a mobilizer, e.g. when extra information is conveyed to mark the
completion of its corresponding task, as in the task of taking. In this case the verb moves
to the beginning of the sentence, as follows

Elvitt János tegnap két könyvet Péternek.
Took János yesterday two books to Péternek.

(solwl�l⇡l) ⇡ � w o

To derive the new type of the verb, we apply rule (1) to the original type
(�r⇡rsolwl), taking p to be (⇡�), and q to be solwl. The calculation
is abbreviated to

�r⇡rsolwl = (⇡�)rsolwl ;1 solwl(⇡�)l = solwl�l⇡l

3.2. Multi Moves. Here a different kind of information, rather than just emphasis, is
conveyed about some of the constituents. For instance, the information that the object is
the sole or not the sole entity on which the verb has taken place. In this case, not only
the mobilizer moves to before the verb, but also, together with the verb, they move to the
beginning of the sentence.

If the mobilizer is the first object, e.g. we want to say that it was to Péter and no one
else that the two books were taken, the sentence becomes as follows

Péternek vitt el tegnap János két könyvet.
To Péternek took yesterday János two books.

o (orswl⇡l�l) � ⇡ w

One way to see this as a multi move is: not only Péternek has moved to the beginning of
the sentence, but also first tegnap and then János have moved from before the verb to after
it, and in so doing have changed their order with regard to each other. The calculation
for deriving the new type of the verb reflects the above complications and needs repetitive
applications of the rules. It is as follows

Start from the original type of the verb (�r⇡rsolwl), according to our
above description, first Péternek moves to the front, for this we apply
rule (2) to the subtype �r⇡rsol, take p to be o, and obtain or�r⇡rswl.
Then tegnap moves to after the verb, for this we apply rule (1) to the
subtype �r⇡rswl, take p to be �, and obtain or⇡rswl�l. Finally János
moves to after tegnap, for this we apply rule (1) to the subtype ⇡rswl,
take p to be ⇡, and obtain orswl⇡l�l.

If the mobilizer is the second object, e.g. if we want to say that two books and nothing else
were taken to Péternek, then the sentence becomes as follows
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limited. They only deal with instances where the emphasized constituent moves to the
”head of the clause”, hence only covering our multi moves of subsection 3.2.

My more recent references, i.e. [1, 14, 17], have had more material on word order.
They suggest that exactly due to the agglutinative nature of the language, one should not
look at word order in Hungarian from the usual SVO or SOV perspective, but rather as a
focus-oriented structure. [1] suggests to approach it (Hungarian as well as the whole family
of Uralic languages) as a TFV for Topic-Focus-Verb. The other two follow him and work
with the ”topic + focus + verb + rest” order. The approach of this paper is closer to these
more recent ones, but, as we shall see, it is not exactly the same. Our example sentence is
from [17], as it had the most comprehensive examples of the three.

The basic word order for a sentence with a transitive verb in Hungarian is as follows

János tegnap elvitt két könyvet Péternek.
János yesterday took two books to Péternek.

Taking ⇡ to stand for the type of subject, w for first object, o for second object, and � for
adverb, we assign the following types2 to the constituents of the above sentence

János tegnap elvitt két könyvet Péternek.
⇡ � (�r⇡rs olwl) w o

The basic order changes according to the information structure of the context in which the
sentence is uttered. This is to enable the speaker communicate extra information about
a constituent, e.g. emphasize it or make it inclusive. For instance, the speaker might
want to emphasize that it was indeed János who took the books, or that it was only two
books and nothing more that were taken from one person to another. In any case, we
call the constituent about which some extra information is conveyed, a mobilizer. This
is different from the focus phrases of [1] and [14], where the focus can be empty but a
movement is still possible. This causes an ambiguity on the existence of a focus and hence
on interpreting the meaning of the sentence. From a pure syntactic point of view, if the
verb has a prefix, e.g. in elvitt and a focus is present, then the prefix becomes a suffix, e
.g. vitt el. But if there is no prefix then it would be ambiguous as whether there is a focus
present or not. Even if not, the word order that corresponds to the existence of the focus
is still possible, but will convey a different meaning. Hence, the same sentence may have
different possible information structures. Our approach discards this ambiguity: whenever
there is a movement, we have a mobilizer. It is based on these mobilizers that we classify
and discuss each possible movement.

Our aim is to derive the type of the verb after each possible movement from the type of
the verb in the basic sentence, i.e. from (�r⇡rs olwl). As the constituents that move are not
necessarily clitics and the movement is fairly free, we generalize our previous clitic rules

in two ways: (1) we remove the bars from the moved types, so that they are not inclusive
to clitic pronouns, and (2) we remove the word original from the wording, so that the rules
may be repetitively applied to intermediate types. This will not produce ungrammatical
types anymore, exactly because the movement is not restricted to clitic pronouns. The new
rules are as follows

2These types are the most primitive options that serve the purpose of this paper, it is likely that a more
sophisticated typing is needed for the Pregroup typing of the full Hungarian grammar.
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Két könyvet vitt el János tegnap Péternek.
Two books took János yesterday to Péternek.

w (wrsol�l⇡l) ⇡ � o

One way to see this as a multi move is: first két könyvet moves to the beginning of the
sentence, then the two words János and tagnap move to after the verb. The corresponding
calculation is as follows.

First apply rule (2) to (�r⇡rsolwl), take p to be w, and obtain wr�r⇡rsol,
then apply rule (1) to the subtype �r⇡rsol, take p to be ⇡�, note
�r⇡r = (⇡�)r, similarly (⇡�)l = �l⇡l, and obtain wrsol�l⇡l.

The following is also a possibility, it is uttered when one wants to insist that two books
where taken to Péternek but at the same time not exclude the possibility that may be also
other things were taken.

Két könyvet tegnap elvitt János Péternek.
Two books yesterday took János to Péternek.

w � (�rwrsol⇡l) ⇡ o

One way to see this as a multi move is: first János moves to after the verb then két könyvet
moves to the beginning of the sentence. The calculation is as follows

Starting from the original type of the verb (�r⇡rsolwl), the calculation
to derive these series of moves is as follows: apply rule (1) to the
subtype ⇡rsol, take p to be ⇡, and obtain �rsol⇡lwl, then apply rule
(2) to the subtype sol⇡lwl, take p to be w, and obtain �rwrsol⇡l.

4. Summary

We have added two meta rules to a preliminary Pregroup dictionary of Hungarian.
These rules are generalizations of our pervious cyclic rules [8]. They are more general
since they allow for repetative applications and can also be applied to any word that does
not necessarily have a clitic pronoun assigned to it. We have used these rules to formalize
and reason about change of word order in Hungarian. We have done so by deriving the
new type of the verb after the movement, from its original type before the movement.

Change of word order in Hungarain is due to change of emphasis in a sentence, it
occurs when an extra piece of information needs to be communicated about a constituent
of the sentence. Some references on Hungarian grammar, e.g. [1, 14, 17] explain this
movement by using the notion of focus; we introduce the new concept of a mobulizer.
In some cases there is a movement in the sentence which changes the meaining, but the
focus is empty. This causes ambiguity in interpretting the meaning of the sentence. We
discrad this ambiguity by assigning a mobilizer to each possible movement. This is the
constituent that causes the movement and about which extra information is communicated.

Basic word order:

Movement for mild emphasis:

Movement as a result of more information:



Movement in Sanskrit

14 C. Casadio and M. Sadrzadeh

We are not allowed to reduce the other possible four orderings (him saw I, saw
I him, saw him I, I him saw) to s, since for obtaining similar permutations we
need either the subject to move to after the verb, or subject and object invert
their relative position; in both cases the consequence is that the subject and the
verb occur in configurations like verb-subject (inversion) or subject-object-verb
(separate) not admitted by the English grammar, as pointed out in [4]. Hence, we
have not included the unlawful permutations that lead to these cases; examples

of these are (⇤1) ⇡rs
�(ll)
; s⇡l and (⇤2) ⇡rsol

�(ll)
; sol⇡l. As another example,

consider the sentence ‘He must love her’, as typed below:

He must love her.
⇡ (⇡rsil) (iol) o

Here we can have both topicalisation (case (1) below) and VP-preposing (case
(2) below). The type assignments and reductions of these cases are as follows:

(1) Her he must love. : o ⇡(⇡rs il)(i ol)  o (sol)
(rr)
; o (or s)  s

(2) Love her he must. : (i ol) o ⇡ (⇡rs il)  i (s il)
(rr)
; i (ir s)  s

Non-permissible combinations like ‘must love her he’ or ‘must love he her’ cannot
be derived, because they require, as before, a transformation corresponding to
the precyclic permutation ⇡rsol

�
; sol⇡l, in which the subject is expected to

occur after the verb, that has not been included into the pregroup grammar.

7 Alternation of Word Order in Sanskrit

Like Latin, Sanskrit is a case-sensitive or inflectional language. That is, it has
morphemes that attach themselves to the end of the words and specify their
grammatical role in the sentence. For instance a subject may be marked with
the morpheme ‘h’, for the nominative case, and an object with the morpheme
‘m’, for the accusative case, as in the following transitive sentence:

Ramah apasyat Govindam.
Rama saw Govinda

which is typed as follows:

Ramah apasyat Govindam.
⇡ (⇡r s ol) o  s

One might think that, no matter where these words appear in the sentence, one
can be certain of their role and it need not be the case, as it is in English, that
the word order tells you which word is the subject and which is the object. For
instance the above Sanskrit sentence may as well be as follows and there might
be no doubt that still ‘Ramah’ is its subject and ‘Govindam’ is its object:
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Govindam apasyat Ramah.
Govindam saw Ramah

Whereas if the order of the words of a sentence changes in English, the roles
change as well. The sentence ‘Rama saw Govinda’ has a very di↵erent meaning
with respect to ‘Govinda saw Rama’: subject and object exchange their roles.
Because of these matters, it is argued that Sanskrit has a free word order. How-
ever, a completely free word order for Sanskrit has been debated, e.g. by Staal
[33] and later by Gillon [18] and even the original work of Apte [5] expresses
concern for this presupposition. Apte insists that certain word orders may not
be ungrammatical, but they are certainly awkward. In the following, we first
present Staal’s view and his constraints on movement, and then review Gillon’s
view and give some examples for each case.

7.1 Staal’s Constraints

According to Staal [33] word order is free among the branches (sisters) of one
and the same constituent. So for instance in the above example, Ramah is one
of the branches and apasyat Govindam is the other one, which itself consists of
two branches: apasyat and Govindam. Consequently, apasyat and Govindam can
change their order, and then Ramah can change its order with regard to these
two possible orders in apasyat Govindam.

These alternations are formalised via just two permutations:

Moving Unit Permutation Transformation

Subject ⇡rs
�(ll)
; s⇡l A  B(⇡rs)C

(ll)
; A  B(s⇡l)C

Object ⇡rs ol
�(rr)
; or⇡rs A  B(⇡rsol)C

(rr)
; A  B(or⇡rs)C

We have the following sentences and reductions:

– When apasyat and Govindam swap order

Ramah Govindam apasyat.

⇡ o (⇡rsol)
(rr)
; ⇡ o (or⇡rs)  s

– When Ramah swaps order with apaysat Govindam

apasyat Govindam Ramah.

(⇡r s ol) o ⇡  (⇡rs) ⇡
(ll)
; (s ⇡l) ⇡  s

– When Ramah swaps order with Govindam apaysat

Govindam apasyat Ramah.

o (⇡rsol) ⇡
(rr)
; o(or⇡rs)⇡  (⇡rs)⇡

(ll)
; (s⇡l)⇡  s

The two other possibilities, which according to Staal are not allowed, are as
follows

(⇤1) Govindam Ramah apasyat (⇤2) apasyat Ramah Govindam

These are not derivable using the permutations of the above table. The first

case needs the permutation (⇤1) sol
�(rr)
; ors and the second one needs the

permutation (⇤2) ⇡rsol
�(ll)
; sol⇡l, which we have not allowed.
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change their order, and then Ramah can change its order with regard to these
two possible orders in apasyat Govindam.

These alternations are formalised via just two permutations:

Moving Unit Permutation Transformation

Subject ⇡rs
�(ll)
; s⇡l A  B(⇡rs)C

(ll)
; A  B(s⇡l)C

Object ⇡rs ol
�(rr)
; or⇡rs A  B(⇡rsol)C

(rr)
; A  B(or⇡rs)C

We have the following sentences and reductions:

– When apasyat and Govindam swap order

Ramah Govindam apasyat.

⇡ o (⇡rsol)
(rr)
; ⇡ o (or⇡rs)  s

– When Ramah swaps order with apaysat Govindam

apasyat Govindam Ramah.

(⇡r s ol) o ⇡  (⇡rs) ⇡
(ll)
; (s ⇡l) ⇡  s

– When Ramah swaps order with Govindam apaysat

Govindam apasyat Ramah.

o (⇡rsol) ⇡
(rr)
; o(or⇡rs)⇡  (⇡rs)⇡

(ll)
; (s⇡l)⇡  s

The two other possibilities, which according to Staal are not allowed, are as
follows

(⇤1) Govindam Ramah apasyat (⇤2) apasyat Ramah Govindam

These are not derivable using the permutations of the above table. The first

case needs the permutation (⇤1) sol
�(rr)
; ors and the second one needs the

permutation (⇤2) ⇡rsol
�(ll)
; sol⇡l, which we have not allowed.

Basic word order:

Other orders:

Wrong orders:



Movement in Persian
Basic word order:

Hassan Nadia-ra Did.

Hassan   Nadia   saw.

Nadia-ra Hassan Did.
Other possible orders:

did Nadia-ra Hassan.

did Hassan Nadia-ra.



Hassan  Nadia-ra  did.

Nadia-ra Hassan    did.

did Nadia-ra Hassan.

did     Hassan Nadia-ra.
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0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
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⇡  n =) nl  ⇡l
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Basic word order:

Other possible orders:

Movement in Persian



Meta Rules for Movement

If a word has type            then it also has type              .a · bl br · a

n nr · nr · s s · nl · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
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n0 · (nr
0 · s2)  s2

n0 · (nr
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0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl
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a · bl br · a

n nr · nr · s s · nl · nl
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If a word has type            then it also has type              .a · bl br · a
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Left to right movement: 

Right to left movement: 



Hassan  Nadia-ra  did.

Hassan    Nadia    saw.

Nadia-ra Hassan    did.

did   Nadia-ra Hassan.
did     Hassan Nadia-ra.

n nr · nr · s

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

n nr · nr · s

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

n nr · nr · s

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

n nr · nr · s s · nl · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

n nr · nr · s

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

n nr · nr · s

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

Left to Right Movement
If a word has type            then it also has type              .a · bl br · a
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n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n nr · nr · s

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

n nr · nr · s

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

⇡  n =) nl  ⇡l

a · bl br · a

nr · s · nl s · nl · nl

(n · n)r · s s · (n · n)l

n nr · nr · s s · nl · nl nr · s · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

Can very easily produce all possible word orders. 



Meta Rules for Movement

If a word has type            then it also has type              .a · bl br · a

n nr · nr · s s · nl · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

a · bl br · a

n nr · nr · s s · nl · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

If a word has type            then it also has type              .a · bl br · a

n nr · nr · s s · nl · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

a · bl br · a

n nr · nr · s s · nl · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

n · (nr · n · (nr · s)l) · (nr · s · nl) · n  n

n · (nr · s) · ⇡ · (⇡r · s)  s · s

Left to right movement: 

Right to left movement: 

the original type of 

the original type of 



Why not axioms?

Definition. A left cyclic pregroup is a pregroup in which 
moreover the following holds:

Proposition. Any of the cyclic pregroups is a partially 
ordered group.

a · bl  br · a

nr · s · nl s · nl · nl

(n · n)r · s s · (n · n)l

n nr · nr · s s · nl · nl nr · s · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s

(q̄ · sl · n) · (nr · s · nl) · n  q̄

Definition. A right cyclic pregroup is a pregroup in 
which moreover the following holds:

a · bl  br · a

br · a  a · bl

nr · s · nl s · nl · nl

(n · n)r · s s · (n · n)l

n nr · nr · s s · nl · nl nr · s · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s

(n · nl) · n · (nr · s) · ((nr · s) · (nr · s) · (nr · s)l) · (nr · s)  s



Beyond Sentence

John Slept.     He     snored. 

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · ·(nr · s) · n · (nl · n) · (nr · s)  s · s

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

n ⇥
s
n

n
⇥ n = n ⇥ s

n ⇥ n
⇥ n = s

n
n
⇥ n ⇥

s
n

n
⇥ n

n
⇥ n = s

n
n
⇥ n ⇥

s
n

n
⇥ n

n
⇥ n = n ⇥ s

n
⇥ n = n ⇥ s

n
= s

n ⇥ n s = s

n s ⇥ n , s

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · ·(nr · s) · n · (nl · n) · (nr · s)  s · s

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

n ⇥
s
n

n
⇥ n = n ⇥ s

n ⇥ n
⇥ n = s

n
n
⇥ n ⇥

s
n

n
⇥ n

n
⇥ n = s

n
n
⇥ n ⇥

s
n

n
⇥ n

n
⇥ n = n ⇥ s

n
⇥ n = n ⇥ s

n
= s

n ⇥ n s = s

n s ⇥ n , s

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

n ⇥
s
n

n
⇥ n = n ⇥ s

n ⇥ n
⇥ n = s

n
n
⇥ n ⇥

s
n

n
⇥ n

n
⇥ n = s

n
n
⇥ n ⇥

s
n

n
⇥ n

n
⇥ n = n ⇥ s

n
⇥ n = n ⇥ s

n
= s

n ⇥ n s = s

n s ⇥ n , s

Copying

Permutation



Cyclic Pregroups
Notational conveniences

Meta rules

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s

nl · n  1

ea a⇤ a0

a⇤ · a⇤

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

n ⇥
s
n

n
⇥ n = n ⇥ s

n ⇥ n
⇥ n = s

(I) If a word has type     , it also has type 

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s

nl · n  1

ea a⇤ a0

a⇤ · a⇤

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

n ⇥
s
n

n
⇥ n = n ⇥ s

n ⇥ n
⇥ n = s

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s

nl · n  1

ea a⇤ a0

a⇤ · · · · · a⇤

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

n ⇥
s
n

n
⇥ n = n ⇥ s

n ⇥ n
⇥ n = s

for a fixed number of copies of a. 
(II) If the concatenation of two words ends with type     
it also ends with type 

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s

nl · n  1

ea a⇤ a0

a⇤ · · · · · a⇤

a⇤ · b b · a⇤

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s

nl · n  1

ea a⇤ a0

a⇤ · · · · · a⇤

a⇤ · b b · a⇤

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

Tbees
i Tbuzz

i j = Tbees buzz
j

n ⇥ s
n
= s

n
n
⇥ n ⇥ s

n
= n ⇥ s

n
= s

n ⇥
s
n

n
⇥ n = s

(III) Any word that has type       also has type 

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s

nl · n  1

ea a⇤ a0

a⇤ · · · · · a⇤

a⇤ · b b · a⇤

en · (nr · s) · (n⇤l · n) · (nr · s)

n⇤l · n⇤l · (nr · s) · (n⇤l · n) · (nr · s)

n⇤l · (nr · s) · n⇤l · (n⇤l · n) · (nr · s)

n · (nr · s) · n⇤l · (n⇤l · n) · (nr · s)  s · s

battle fool love · · ·
Five Henries 15 8 3
Cesar Julius 17 6 2

Night 12 37 1 5
It likes as you 56 1 4

Juliet and Romeo 7 1 73

0 H Rz(↵) Rz(�) Rx(�) Rx(�)

n ⇥ n

n
n
⇥ n = n

Twhite
i j Tbutterflies

j = Twhite butterflies
i

Tbees
i Tchase

i jk Twhite
kl Tbutterflies

l = Tbees chase butterflies
j

n · (nr · s) · (nl · n) · (nr · s)  s · s

n · n · (nr · s) · (nl · n) · (nr · s)  s · s

n · (nr · s) · n · (nl · n) · (nr · s)  s · s
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Translation to Residuated 
Monoids

A residuated monoid is a partially ordered monoid
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If . is commutative, you get something like a Heyting 
Algebra. 
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A ::= A 2 At | A ·A | A/A | A\A | !A | rA

A �! A
I

� �! A ⌃1, B,⌃2 �! C

⌃1,�, A\B,⌃2 �! C
\L

A,� �! B

� �! A\B
\R

� �! A ⌃1, B,⌃2 �! C

⌃1, B/A,�,⌃2 �! C
/L

�, A �! B

� �! B/A
/R

�1, A,B,�2 �! C

�1, A ·B,�2 �! C
·L �1 �! A �2 �! B

�1,�2 �! A ·B
·R

�1,

n timesz }| {
A,A, . . . , A,�2 �! B

�1, !A,�2 �! B
!L

A �! B

!A �!!B
!R

�1, A,�2 �! B

�1,rA,�2 �! B
rL

A �! B

rA �! rB
rR

�1,�2,rA,�3 �! B

�1,rA,�2,�3 �! B
perm

�1,rA,�2,�3 �! B

�1,�2,rA,�3 �! B
perm

0

Table 1. Formulas and rules of SLLM. Where 1  n  k0.

2 SLLM, Lambek Calculus with Soft Subexponentials

SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [9] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 di↵erent
instances of the multiplexing rule for a given bottom sequent �1, !A,�2 �! B;
one for each 1  n  k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [10].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which e↵ectively let us copy using projection maps. The interpretation
of the subexponential ! is an adaptation of the tensor algebras of [14], which in

Lambek (Am. Maths. Monthly1958)
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should coincide as they do in [10].
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In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
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Unintuitive Derivations, but has a decision procedure. 
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A ! A
�! A �1,B,�2 ! C

(/L)
�1,B/A,�,�2 ! C

�, A ! B
(/R)

�! B/A

�! A �1,B,�2 ! C
(\L)

�1,�, A\B,�2 ! C
A,�! B

(\R)
�! A\B

�1, A,�2 ! C
(!L)

�1, !A,�2 ! C
!A1, . . . , !An ! B

(!R)
!A1, . . . , !An !!B

�1, !A,�,�2 ! C
(perm1)

�1,�, !A,�2 ! C
�1,�, !A,�2 ! C

(perm2)
�1, !A,�,�2 ! C

�1, !A, !A,�2 ! C
(contr)

�1, !A,�2 ! C

Table 1. Rules of the !L⇤ calculus.
and which has a (relevant) modality, !, which denotes when a formula is not
resource sensitive. We consider the calculus !L⇤ over the set of primitive
types {N,S} and logical connectives {/,\, !}. The primitive types represent
the basic grammatical types of “noun" and “sentence". With these types and
the connectives we generate the full set of types2 according to the following
BNF:

Typ!L⇤ ::= ⇤ | N | S | A,B | A/B | A\B |!A.
The rules of !L⇤ are presented in the sequent calculus system of table 1.
Sequents are written as � ! A, where � is a finite (possibly empty) list
of formulas {A1, . . . , An}, and A is a single formula. We refer to the set of
formulas of !L⇤ as Typ!L⇤ .

3. Resolving Anaphora and Ellipsis in !L⇤

We follow (Wijnholds and Sadrzadeh, 2018; Jäger, 1998, 2006) in how we re-
solve anaphora and ellipsis syntactically using type logical grammars. Given
a word or compound w with a !L⇤-type C whose meaning comes from a refer-
ence w0 (necessarily of the same type) e.g. a pronoun (anaphor) or an ellipsis
marker (eg. ‘does-too’), we first change the assignments of types of w to
(!C\C). We then assign the reference word, w0 the type !C, apply contraction

2We use the terms ‘formula’ and ‘type’ interchangeably.
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(!C\C). We then assign the reference word, w0 the type !C, apply contraction

2We use the terms ‘formula’ and ‘type’ interchangeably.

Kanovich, Kuznetsov, Scedrov (FG 2017)
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of formulas {A1, . . . , An}, and A is a single formula. We refer to the set of
formulas of !L⇤ as Typ!L⇤ .

3. Resolving Anaphora and Ellipsis in !L⇤

We follow (Wijnholds and Sadrzadeh, 2018; Jäger, 1998, 2006) in how we re-
solve anaphora and ellipsis syntactically using type logical grammars. Given
a word or compound w with a !L⇤-type C whose meaning comes from a refer-
ence w0 (necessarily of the same type) e.g. a pronoun (anaphor) or an ellipsis
marker (eg. ‘does-too’), we first change the assignments of types of w to
(!C\C). We then assign the reference word, w0 the type !C, apply contraction

2We use the terms ‘formula’ and ‘type’ interchangeably.

Overgenerates hugely and is undecidable!
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A ::= A 2 At | A ·A | A/A | A\A | !A | rA

A �! A
I

� �! A ⌃1, B,⌃2 �! C

⌃1,�, A\B,⌃2 �! C
\L

A,� �! B

� �! A\B
\R

� �! A ⌃1, B,⌃2 �! C

⌃1, B/A,�,⌃2 �! C
/L

�, A �! B

� �! B/A
/R

�1, A,B,�2 �! C

�1, A ·B,�2 �! C
·L �1 �! A �2 �! B

�1,�2 �! A ·B
·R

�1,

n timesz }| {
A,A, . . . , A,�2 �! B

�1, !A,�2 �! B
!L

A �! B

!A �!!B
!R

�1, A,�2 �! B

�1,rA,�2 �! B
rL

A �! B

rA �! rB
rR

�1,�2,rA,�3 �! B

�1,rA,�2,�3 �! B
perm

�1,rA,�2,�3 �! B

�1,�2,rA,�3 �! B
perm

0

Table 1. Formulas and rules of SLLM. Where 1  n  k0.

2 SLLM, Lambek Calculus with Soft Subexponentials

SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [9] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 di↵erent
instances of the multiplexing rule for a given bottom sequent �1, !A,�2 �! B;
one for each 1  n  k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [10].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which e↵ectively let us copy using projection maps. The interpretation
of the subexponential ! is an adaptation of the tensor algebras of [14], which in
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� �! A ⌃1, B,⌃2 �! C

⌃1,�, A\B,⌃2 �! C
\L
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� �! B/A
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�1, A,B,�2 �! C

�1, A ·B,�2 �! C
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A �! B

!A �!!B
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�1, A,�2 �! B

�1,rA,�2 �! B
rL

A �! B

rA �! rB
rR

�1,�2,rA,�3 �! B

�1,rA,�2,�3 �! B
perm

�1,rA,�2,�3 �! B

�1,�2,rA,�3 �! B
perm

0
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SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [9] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 di↵erent
instances of the multiplexing rule for a given bottom sequent �1, !A,�2 �! B;
one for each 1  n  k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [10].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which e↵ectively let us copy using projection maps. The interpretation
of the subexponential ! is an adaptation of the tensor algebras of [14], which in
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�1, A,B,�2 �! C

�1, A ·B,�2 �! C
·L �1 �! A �2 �! B
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·R

�1,

n timesz }| {
A,A, . . . , A,�2 �! B

�1, !A,�2 �! B
!L

A �! B

!A �!!B
!R

�1, A,�2 �! B

�1,rA,�2 �! B
rL

A �! B

rA �! rB
rR

�1,�2,rA,�3 �! B

�1,rA,�2,�3 �! B
perm

�1,rA,�2,�3 �! B

�1,�2,rA,�3 �! B
perm

0
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2 SLLM, Lambek Calculus with Soft Subexponentials

SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [9] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 di↵erent
instances of the multiplexing rule for a given bottom sequent �1, !A,�2 �! B;
one for each 1  n  k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [10].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which e↵ectively let us copy using projection maps. The interpretation
of the subexponential ! is an adaptation of the tensor algebras of [14], which in
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A ::= A 2 At | A ·A | A/A | A\A | !A | rA

A �! A
I

� �! A ⌃1, B,⌃2 �! C

⌃1,�, A\B,⌃2 �! C
\L

A,� �! B

� �! A\B
\R

� �! A ⌃1, B,⌃2 �! C

⌃1, B/A,�,⌃2 �! C
/L

�, A �! B

� �! B/A
/R

�1, A,B,�2 �! C

�1, A ·B,�2 �! C
·L �1 �! A �2 �! B

�1,�2 �! A ·B
·R

�1,

n timesz }| {
A,A, . . . , A,�2 �! B

�1, !A,�2 �! B
!L

A �! B

!A �!!B
!R

�1, A,�2 �! B

�1,rA,�2 �! B
rL

A �! B

rA �! rB
rR

�1,�2,rA,�3 �! B

�1,rA,�2,�3 �! B
perm

�1,rA,�2,�3 �! B

�1,�2,rA,�3 �! B
perm

0
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SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [9] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 di↵erent
instances of the multiplexing rule for a given bottom sequent �1, !A,�2 �! B;
one for each 1  n  k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [10].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which e↵ectively let us copy using projection maps. The interpretation
of the subexponential ! is an adaptation of the tensor algebras of [14], which in
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⌃1,�, A\B,⌃2 �! C
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A,� �! B

� �! A\B
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� �! A ⌃1, B,⌃2 �! C

⌃1, B/A,�,⌃2 �! C
/L

�, A �! B

� �! B/A
/R

�1, A,B,�2 �! C

�1, A ·B,�2 �! C
·L �1 �! A �2 �! B

�1,�2 �! A ·B
·R

�1,

n timesz }| {
A,A, . . . , A,�2 �! B

�1, !A,�2 �! B
!L

A �! B

!A �!!B
!R

�1, A,�2 �! B

�1,rA,�2 �! B
rL

A �! B

rA �! rB
rR

�1,�2,rA,�3 �! B

�1,rA,�2,�3 �! B
perm

�1,rA,�2,�3 �! B

�1,�2,rA,�3 �! B
perm

0
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2 SLLM, Lambek Calculus with Soft Subexponentials

SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [9] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 di↵erent
instances of the multiplexing rule for a given bottom sequent �1, !A,�2 �! B;
one for each 1  n  k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [10].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which e↵ectively let us copy using projection maps. The interpretation
of the subexponential ! is an adaptation of the tensor algebras of [14], which in
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A ::= A 2 At | A ·A | A/A | A\A | !A | rA

A �! A
I

� �! A ⌃1, B,⌃2 �! C

⌃1,�, A\B,⌃2 �! C
\L

A,� �! B

� �! A\B
\R

� �! A ⌃1, B,⌃2 �! C

⌃1, B/A,�,⌃2 �! C
/L

�, A �! B

� �! B/A
/R

�1, A,B,�2 �! C

�1, A ·B,�2 �! C
·L �1 �! A �2 �! B

�1,�2 �! A ·B
·R

�1,

n timesz }| {
A,A, . . . , A,�2 �! B

�1, !A,�2 �! B
!L

A �! B

!A �!!B
!R

�1, A,�2 �! B

�1,rA,�2 �! B
rL

A �! B

rA �! rB
rR

�1,�2,rA,�3 �! B

�1,rA,�2,�3 �! B
perm

�1,rA,�2,�3 �! B

�1,�2,rA,�3 �! B
perm

0

Table 1. Formulas and rules of SLLM. Where 1  n  k0.

2 SLLM, Lambek Calculus with Soft Subexponentials

SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [9] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 di↵erent
instances of the multiplexing rule for a given bottom sequent �1, !A,�2 �! B;
one for each 1  n  k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [10].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which e↵ectively let us copy using projection maps. The interpretation
of the subexponential ! is an adaptation of the tensor algebras of [14], which in

Overgenerates less and is decidable!

Separating copying from 
permutation (bounding copies)
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The derivation corresponding to the syntax of this utterance in SLLM is:

n �! n

rn �! rn

n �! n s, s �! s, s

s, n, n\s �! s, s
\L

s, rn, rn\n, n\s �! s, s
\L

n, n\s, rn, rn\n, n\s �! s, s
\L

rn, n\s, rn, rn\n, n\s �! s, s
rL

rn, rn, n\s, rn\n, n\s �! s, s
perm

!(rn), n\s, rn\n, n\s �! s, s
contr2

This derivation translates into the following linear map:

f : Tk0N ⌦N
⇤ ⌦ S ⌦N

⇤ ⌦N ⌦N
⇤ ⌦ S �! S ⌦ S

:: ñ⌦ ⌫ ⌦ s⌦ ⌫
0 ⌦ n

0 ⌦ ⌫
00 ⌦ s

0 7�! ⌫(n)s⌦ ⌫
0(n)⌫00(n0)s

Taking ]John 2 Tk0N ,
���!
sleeps 2 N

⇤ ⌦S,
�!
He 2 N

⇤⌦N and ����!snores 2 N
⇤⌦S

we obtain the simplified version below:

f

⇣
]John ⌦

���!
sleeps ⌦�!

He ⌦����!snores
⌘
=

���!
sleeps(

���!
John)⌦����!snores(

�!
He(

���!
John)).

5.3 Ellipsis

Consider the utterance John plays guitar. Lisa does too. with SLLM types:

{(John : n), (plays guitar :!(r(n\s))), (Lisa : n), (does-too : r(n\s)\n\s)}

The derivation of this utterance in SLLM is:

n �! n

r(n\s) �! r(n\s)
n �! n s, s �! s, s

s, n, n\s �! s, s
\L

s, n, r(n\s), r(n\s)\n\s �! s, s
\L

n, n\s, n, r(n\s), r(n\s)\n\s �! s, s
\L

n, r(n\s), n, r(n\s), r(n\s)\n\s �! s, s
rL

n, r(n\s), r(n\s), n, r(n\s)\n\s �! s, s
perm

n, !(r(n\s)), n, r(n\s)\n\s �! s, s
contr2

which gives us the following linear map

f : N ⌦ Tk0(N
⇤ ⌦ S)⌦N ⌦ (N ⌦ S)⇤ ⌦N

⇤ ⌦ S �! S ⌦ S

and again with the following notational convenience

���!
John,

��!
Lisa 2 N ^plays guitar 2 Tk0(N

⇤ ⌦ S)
�����!
does-too 2 (N ⌦ S)⇤ ⌦N

⇤ ⌦ S

we can see the action of f simplified to:

f(
���!
John ⌦ ^plays guitar ⌦��!

Lisa ⌦
�����!
does-too)

:=
��������!
plays guitar(

���!
John)⌦

�����!
does-too(

��������!
plays guitar ⌦��!

Lisa)

John slept. He snored!

Example Derivation
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The derivation corresponding to the syntax of this utterance in SLLM is:

n �! n

rn �! rn

n �! n s, s �! s, s

s, n, n\s �! s, s
\L

s, rn, rn\n, n\s �! s, s
\L

n, n\s, rn, rn\n, n\s �! s, s
\L

rn, n\s, rn, rn\n, n\s �! s, s
rL

rn, rn, n\s, rn\n, n\s �! s, s
perm

!(rn), n\s, rn\n, n\s �! s, s
contr2

This derivation translates into the following linear map:

f : Tk0N ⌦N
⇤ ⌦ S ⌦N

⇤ ⌦N ⌦N
⇤ ⌦ S �! S ⌦ S

:: ñ⌦ ⌫ ⌦ s⌦ ⌫
0 ⌦ n

0 ⌦ ⌫
00 ⌦ s

0 7�! ⌫(n)s⌦ ⌫
0(n)⌫00(n0)s

Taking ]John 2 Tk0N ,
���!
sleeps 2 N

⇤ ⌦S,
�!
He 2 N

⇤⌦N and ����!snores 2 N
⇤⌦S

we obtain the simplified version below:

f

⇣
]John ⌦

���!
sleeps ⌦�!

He ⌦����!snores
⌘
=

���!
sleeps(

���!
John)⌦����!snores(

�!
He(

���!
John)).

5.3 Ellipsis

Consider the utterance John plays guitar. Lisa does too. with SLLM types:

{(John : n), (plays guitar :!(r(n\s))), (Lisa : n), (does-too : r(n\s)\n\s)}

The derivation of this utterance in SLLM is:

n �! n

r(n\s) �! r(n\s)
n �! n s, s �! s, s

s, n, n\s �! s, s
\L

s, n, r(n\s), r(n\s)\n\s �! s, s
\L

n, n\s, n, r(n\s), r(n\s)\n\s �! s, s
\L

n, r(n\s), n, r(n\s), r(n\s)\n\s �! s, s
rL

n, r(n\s), r(n\s), n, r(n\s)\n\s �! s, s
perm

n, !(r(n\s)), n, r(n\s)\n\s �! s, s
contr2

which gives us the following linear map

f : N ⌦ Tk0(N
⇤ ⌦ S)⌦N ⌦ (N ⌦ S)⇤ ⌦N

⇤ ⌦ S �! S ⌦ S

and again with the following notational convenience

���!
John,

��!
Lisa 2 N ^plays guitar 2 Tk0(N

⇤ ⌦ S)
�����!
does-too 2 (N ⌦ S)⇤ ⌦N

⇤ ⌦ S

we can see the action of f simplified to:

f(
���!
John ⌦ ^plays guitar ⌦��!

Lisa ⌦
�����!
does-too)

:=
��������!
plays guitar(

���!
John)⌦

�����!
does-too(

��������!
plays guitar ⌦��!

Lisa)

Andy plays violin. Ada does too.



Strict vs Sloppy
16 McPheat et al.

n �! n

rn �! rn

n �! n

r(n\s) �! r(n\s)

n �! n

n �! n s, s �! s, s

s, n, n\s �! s, s
\L

n, n\s, n, n\s �! s, s
\L

n, n\s, rn, n\s �! s, s
rL

n, r(n\s), rn, n\s �! s, s
rL

rn, r(n\s), rn, n\s �! s, s
rL

rn, r(n\s), !(rn), n\s �! s, s
contr1

rn, r(n\s), !(rn), r(n\s), r(n\s)\(n\s) �! s, s
\L

rn, r(n\s), r(n\s), !(rn), r(n\s)\(n\s) �! s, s
perm

rn, !(r(n\s)), !(rn), r(n\s)\(n\s) �! s, s
contr2

rn, !(r(!(r(n\s))/n)), n, !(rn), r(n\s)\(n\s) �! s, s
/L

rn, !(r(!(r(n\s))/n)), rn, rn\n, !(rn), r(n\s)\(n\s) �! s, s
\L

rn, !(r(!(r(n\s))/n)), rn, r(rn\n), !(rn), r(n\s)\(n\s) �! s, s
rL

rn, !(r(!(r(n\s))/n)), rn, !(r(rn\n)), !(rn), r(n\s)\(n\s) �! s, s
contr1

rn, rn, !(r(!(r(n\s))/n)), !(r(rn\n)), !(rn), r(n\s)\(n\s) �! s, s
perm

!(rn), !(r(!(r(n\s))/n)), !(r(rn\n)), !(rn), r(n\s)\(n\s) �! s, s
contr2

!(rn), !(r(!(r(n\s))/n)), !(r(rn\n))/n, n, !(rn), r(n\s)\(n\s) �! s, s
/L

Fig. 1. The strict reading of Kim likes their code. Sam does too.

n �! n

rn �! rn

rn �! rn

D

rn, !(r(!(r(n\s))/n)), n, n, rn, r(n\s)\(n\s) �! s, s
contr2

rn, !(r(!(r(n\s))/n)), n, rn, rn\n, rn, r(n\s)\(n\s) �! s, s
\L

rn, !(r(!(r(n\s))/n)), rn,rn\n, rn, rn\n, rn, r(n\s)\(n\s) �! s, s
\L

rn, !(r(!(r(n\s))/n)), rn,rn\n, rn, r(rn\n), rn, r(n\s)\(n\s) �! s, s
rL

rn, !(r(!(r(n\s))/n)), rn, r(rn\n), rn, r(rn\n), rn, r(n\s)\(n\s) �! s, s
rL
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Semantics of Pregroups
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[[n]] := N, [[s]] := S

Assuming that N is the set of human beings and S is the set of truth values,
this assignment expresses the fact that words with type n, i.e. names, are
elements of N and words with type s, i.e. sentences, are elements of S

For simple types x, y of our pregroup grammar F(B,), we define the
semantics of x · y to be the Cartesian product of the semantics of x with the
semantics of y, that is:

[[x · y]] := [[x]]⇥ [[y]]

When adjoint types are involved in the multiplication, function spaces are
used to assign semantics to the multiplied type, that is we define:

[[xr · y]] := [[y]][[x]] [[y · xl]] := [[y]][[x]]

where [[y]][[x]] is the set of functions from [[x]] to [[y]]. There is a sense of dis-
satisfaction around this semantics, as it is not compositional:

[[xr · y]] 6= [[xr]]⇥ [[y]]

[[y · xl]] 6= [[y]]⇥ [[xl]]

This is so, because we have not defined a semantics for the left and right
adjoints of types independently from their multiplications. That is we have
not specified [[xl]] and [[xr]].

This problem manifests itself in the following example of Lambek from
[22]. Consider the type x · y · zl of a pregroup grammar. This type can have
two di↵erent semantics, depending on how we bracket it. If we bracket it as
(x · y) · zl, its semantics will be the set of functions from [[z]] to [[x · y]], that is:

[[(x · y) · zl]] = [[x · y]][[z]] = ([[x]]⇥ [[y]])[[z]]

Whereas, if we bracket it the other way around, that is as x · (y · zl), its
semantics will become the cartesian product of [[x]] with the set of functions
from [[z]] to [[y]], that is

[[x · (y · zl)]] = [[x]]⇥ ([[y]][[z]])

The above two semantics are not equal, and as a result, the pregroup term
x · y · zl will be assigned two di↵erent semantics. This, expressed below, is
what Lambek calls ambiguity of set theoretic semantics and is undesirable.

x · y · zl = (x · y) · zl = x · (y · zl), however [[(x · y) · zl]] 6= [[x · (y · zl)]]

One way to get around this problem, Lambek suggests, is to take the
brackets of the pregroup types seriously and do not equate (x · y) · zl with
x·(y·zl). This means that we cannot have a non bracketed term such as x·y·zl
in our pregroup grammar, unless we agree on a default bracketing convention,

B = {n, s}

a · bl  br · a

br · a  a · bl

nr · s · nl s · nl · nl

(n · n)r · s s · (n · n)l

n nr · nr · s s · nl · nl nr · s · nl

n, s, q

n0, n1, n2 s1, s2, i q̄, q1, q2

si  s qi  q ni  n

ni, si

n · (nr · s)  s

n2 · (nr
2 · s1)  s1

n0 · (nr
0 · s2)  s2

n0 · (nr
0 · s2 · nl

0) · n0  s2

n0 · (nr
0 · s1 · il) · (i · nl

0) · n0  s1

(n · nl
i) · n2 · (nr

2 · s1)  s1

(n · nl
i) · n2 · (nr

2 · s1 · nl) · (n · nl
i) · n2  s1

(n · nl) · (n · nl) · n · (nr · n · nl) · (n · nl) · (n · nl) · n · (nr · s)  s
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brackets of the pregroup types seriously and do not equate (x · y) · zl with
x·(y·zl). This means that we cannot have a non bracketed term such as x·y·zl
in our pregroup grammar, unless we agree on a default bracketing convention,
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e.g. that multiplication takes precedence over adjoints. As Lambek diagnoses
it, however, pregroups are by definition associative and introducing brackets
in them will need the introduction of a new mathematical object: for example,
one whose underlying algebra is a non associative structure. One problem
with this is that we will lose our mathematical example of a pregroup algebra,
i.e. the set of order preserving unbounded functions on the integers, since
function composition is associative.

The above problem can be approached di↵erently. Had we defined a com-
positional semantics for adjoint types as explained above, we would have had

[[x · y · zl]] = [[x]]⇥ [[y]]⇥ [[zl]]

This would be the same, no matter how we bracketed x ·y ·zl, since we would
have had:

[[(x · y) · zl]] = [[x · y]]⇥ [[zl]] = ([[x]]⇥ [[y]])⇥ [[zl]]

[[x · (y · zl)]] = [[x]] ⇥ [[y · zl]] = [[x]]⇥ ([[y]]⇥ [[zl]])

The above would have been equivalent, as cartesian product of sets is asso-
ciative (up to bijection):

([[x]]⇥ [[y]])⇥ [[zl]] ⇠= [[x]]⇥ ([[y]]⇥ [[zl]]) ⇠= [[x]]⇥ [[y]]⇥ [[zl]]

3.2 Vector Space Semantics

If instead of sets, we work with vector spaces and send the monoid multipli-
cation of types to the tensor product of vector spaces, the ambiguity problem
will be resolved. Confining ourselves to the rudimentary pregroup grammar
of the previous subsection and finite dimensional vector spaces, this means
that we work with two finite dimensional vector spaces Nk and Sk over a field
k. Semantics of basic types n and s will now be these two spaces respectively:

[[n]] := Nk, [[s]] := Sk

Semantics of a multiplication of types is the tensor product of semantics of
each multiplicand:

[[x · y]] := [[x]]⌦ [[y]]

Adjoint types are assigned the dual spaces of the semantics of their underlying
types:

[[xl]] = [[xr]] := [[x]]⇤

We recover a linear function space version of the the function spaces of the
set theoretic semantics. This is due to the tensor-hom relationship, i.e. there
is a natural map
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Semantics of basic types

Semantics of complex types
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f : V ⇤ ⌦W ! Hom(V,W )

where Hom(V,W ) is the set of linear maps from V to W and V
⇤ is the dual

space of V , that is the space of linear functionals from V to the underlying
field, defined as follows:

V
⇤ := Hom(V,k)

For v 2 V,w 2 W and ↵ 2 Hom(V,k), the tensor-hom relationship is con-
cretely given as follows:

(f(↵⌦ w))(v) := ↵(v) · w

When V and W are finite dimensional, the tensor-hom relationship becomes
an isomorphism, that is:

V
⇤ ⌦W ⇠= Hom(V,W )

Using tensor-hom and our semantics of the left and right adjoints, we obtain
the following semantics for the compound pregroup types:

[[y · xl]] := [[x]]⇤ ⌦ [[y]] ⇠= Hom([[x]], [[y]])

[[xr · y]] := [[x]]⇤ ⌦ [[y]] ⇠= Hom([[x]], [[y]])

Now consider again the problematic type x · y · zl and compute the semantics
of its two bracketing options, as follows:

[[(x · y) · zl]] = [[x · y]]⌦ [[zl]] = Hom([[z]], [[x]]⌦ [[y]]) = [[z]]⇤ ⌦ ([[x]]⌦ [[y]])

[[x · (y · zl)]] = [[x]]⌦ [[y · zl]] = [[x]]⌦Hom([[z]], [[y]]) = [[x]]⌦ ([[z]]⇤ ⌦ [[y]])

The above are equivalent, since the tensor of finite dimensional vector spaces
is symmetric and associative (up to isomorphism):

[[z]]⇤ ⌦ [[x]]⌦ [[y]] ⇠= [[x]]⌦ [[z]]⇤ ⌦ [[y]]

3.3 Direct Product of Vector Spaces

Let us reconsider Lambek’s quotation from page 36 of [23] and focus on its
second half, where after mentioning vector spaces, he says:

· · · and interpreting abc
l as A+B + C

⇤ where

C
⇤ = Hom(C,F )

for F the underlying field.

Although Lambek does not explicitly say “finite dimensional vector spaces”
here, based on an earlier quote on page 36 of [23], which was discussed above,

Recovering function spaces 
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Semantics of Pregroups

The semantics is compositional

There is no ambiguity

356 Mehrnoosh Sadrzadeh

f : V ⇤ ⌦W ! Hom(V,W )

where Hom(V,W ) is the set of linear maps from V to W and V
⇤ is the dual

space of V , that is the space of linear functionals from V to the underlying
field, defined as follows:

V
⇤ := Hom(V,k)

For v 2 V,w 2 W and ↵ 2 Hom(V,k), the tensor-hom relationship is con-
cretely given as follows:

(f(↵⌦ w))(v) := ↵(v) · w

When V and W are finite dimensional, the tensor-hom relationship becomes
an isomorphism, that is:

V
⇤ ⌦W ⇠= Hom(V,W )

Using tensor-hom and our semantics of the left and right adjoints, we obtain
the following semantics for the compound pregroup types:

[[y · xl]] := [[x]]⇤ ⌦ [[y]] ⇠= Hom([[x]], [[y]])

[[xr · y]] := [[x]]⇤ ⌦ [[y]] ⇠= Hom([[x]], [[y]])

Now consider again the problematic type x · y · zl and compute the semantics
of its two bracketing options, as follows:

[[(x · y) · zl]] = [[x · y]]⌦ [[zl]] = Hom([[z]], [[x]]⌦ [[y]]) = [[z]]⇤ ⌦ ([[x]]⌦ [[y]])

[[x · (y · zl)]] = [[x]]⌦ [[y · zl]] = [[x]]⌦Hom([[z]], [[y]]) = [[x]]⌦ ([[z]]⇤ ⌦ [[y]])

The above are equivalent, since the tensor of finite dimensional vector spaces
is symmetric and associative (up to isomorphism):

[[z]]⇤ ⌦ [[x]]⌦ [[y]] ⇠= [[x]]⌦ [[z]]⇤ ⌦ [[y]]

3.3 Direct Product of Vector Spaces

Let us reconsider Lambek’s quotation from page 36 of [23] and focus on its
second half, where after mentioning vector spaces, he says:

· · · and interpreting abc
l as A+B + C

⇤ where

C
⇤ = Hom(C,F )

for F the underlying field.

Although Lambek does not explicitly say “finite dimensional vector spaces”
here, based on an earlier quote on page 36 of [23], which was discussed above,

356 Mehrnoosh Sadrzadeh

f : V ⇤ ⌦W ! Hom(V,W )

where Hom(V,W ) is the set of linear maps from V to W and V
⇤ is the dual

space of V , that is the space of linear functionals from V to the underlying
field, defined as follows:

V
⇤ := Hom(V,k)

For v 2 V,w 2 W and ↵ 2 Hom(V,k), the tensor-hom relationship is con-
cretely given as follows:

(f(↵⌦ w))(v) := ↵(v) · w

When V and W are finite dimensional, the tensor-hom relationship becomes
an isomorphism, that is:

V
⇤ ⌦W ⇠= Hom(V,W )

Using tensor-hom and our semantics of the left and right adjoints, we obtain
the following semantics for the compound pregroup types:

[[y · xl]] := [[x]]⇤ ⌦ [[y]] ⇠= Hom([[x]], [[y]])

[[xr · y]] := [[x]]⇤ ⌦ [[y]] ⇠= Hom([[x]], [[y]])

Now consider again the problematic type x · y · zl and compute the semantics
of its two bracketing options, as follows:

[[(x · y) · zl]] = [[x · y]]⌦ [[zl]] = Hom([[z]], [[x]]⌦ [[y]]) = [[z]]⇤ ⌦ ([[x]]⌦ [[y]])

[[x · (y · zl)]] = [[x]]⌦ [[y · zl]] = [[x]]⌦Hom([[z]], [[y]]) = [[x]]⌦ ([[z]]⇤ ⌦ [[y]])

The above are equivalent, since the tensor of finite dimensional vector spaces
is symmetric and associative (up to isomorphism):

[[z]]⇤ ⌦ [[x]]⌦ [[y]] ⇠= [[x]]⌦ [[z]]⇤ ⌦ [[y]]

3.3 Direct Product of Vector Spaces

Let us reconsider Lambek’s quotation from page 36 of [23] and focus on its
second half, where after mentioning vector spaces, he says:

· · · and interpreting abc
l as A+B + C

⇤ where

C
⇤ = Hom(C,F )

for F the underlying field.

Although Lambek does not explicitly say “finite dimensional vector spaces”
here, based on an earlier quote on page 36 of [23], which was discussed above,
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turn originated from [20]. The global multiplexing bound of SLLM allows us
to use a truncated form of the tensor algebras, we exploit this in the subsection
following the proof of proposition 1, and show how it helps us achieve ‘full
copying’ as a linear map.

Definition 1. Vector space models of SLLM consist of a pair of maps, one
mapping formulas of SLLM to finite dimensional real vector spaces, the other
mapping derivable sequents of SLLM to linear maps. We define a vector space
model, denoted [[ ]] : SLLM ! fdVect, and define it inductively on formulas
and derivable sequents below.

[[A]] := VA 2 fdVectR, for atomic formulas A,

[[A,B]] = [[A ·B]] := [[A]]⌦ [[B]] [[!A]] := Tk0 [[A]] [[rA]] := [[A]]

[[A\B]] := [[A]]⇤ ⌦ [[B]] [[B/A]] := [[A]]⇤ ⌦ [[B]]

where k0 2 N is the multiplexing bound and Tk0 [[A]] is the k0-th truncated Fock
space of [[A]], defined on a vector space V as:

Tk0V :=
k0M

i=0

V
⌦i = R� V � (V ⌦ V ) � · · ·� V

⌦k0 .

Derivable sequents � �! A of SLLM are interpreted as maps [[� ]] �! [[A]].

Definition 2. A rule of SLLM is sound in a vector space model i↵ whenever
the interpretation of the top part is a linear map, so is the interpretation of the
bottom part. SLLM is sound in a vector space model i↵ all its rules are.

Proposition 1. SLLM is sound in [[ ]] of definition 1.

Proof. We proceed by a case analysis on the soundness of the rules.

Axiom: The axiom of SLLM is interpreted as the identity map and is im-
mediately sound.

/L, \L are interpreted as:

f : [[� ]] �! [[A]] g : [[�1]]⌦ [[B]]⌦ [[�2]] �! [[C]]

g
f : [[�1]]⌦ [[B]]⌦ [[A]]⇤ ⌦ [[� ]]⌦ [[�2]] �! [[C]]

and
f : [[� ]] �! [[A]] g : [[�1]]⌦ [[B]]⌦ [[�2]] �! [[C]]
f
g : [[�1]]⌦ [[� ]]⌦ [[A]]⇤ ⌦ [[B]]⌦ [[�2]] �! [[C]] ,



Natural Language Semantics
Distributional Semantics of NL: Firth, Harris 1950’s 

Information Retrieval: Salton, Sparks-Jones, …Document Modelling 

x

y

z

Dog

Butterfly

Cat

Bee



Disambiguation
Lin, Schutze, Lapata, Hill, …1980 till 2010’s

Sketching

Taking Out

Attracting

draw



Disambiguation

x

y

z

Artist sketched swords.

Soldier drew swords.

Artist drew swords.

Soldier pulled swords.

Grefenstette, Sadrzadeh, EMNLP 2011, 2013, JCL 2015



Disambiguation

occurrence vector spaces, this version is not lem-
matized.

The negative sampling method improves the ob-
jective function of Equation 1 by introducing neg-
ative examples to the training algorithm. Assume
that the probability of a specific (c, t) pair of words
(where t is a target word and c another word in
the same context with t), coming from the training
data, is denoted as p(D = 1|c, t). The objective
function is then expressed as follows:

Y

(c,t)2D

p(D = 1|c, t) (2)

That is, the goal is to set the model parameters in
a way that maximizes the probability of all obser-
vations coming from the training data. Assume
now that D0 is a set of randomly selected incorrect
(c0, t0) pairs that do not occur in D, then Equation
2 above can be recasted in the following way:

Y

(c,t)2D

p(D = 1|c, t)
Y

(c0,t0)2D0

p(D = 0|c0, t0)

(3)
In other words, the model tries to distinguish a tar-
get word t from random draws that come from a
noise distribution. In the implementation we used
for our experiments, c is always selected from
a 5-word window around t. More details about
the negative sampling approach can be found in
(Mikolov et al., 2013b); the note of Goldberg and
Levy (2014) also provides an intuitive explanation
of the underlying setting.

5 Experiments

Our experiments explore the use of the vector
spaces above, together with the compositional op-
erators described in Section 3, in a range of tasks
all of which require semantic composition: verb
sense disambiguation; sentence similarity; para-
phrasing; and dialogue act tagging.

5.1 Disambiguation
We use the transitive verb disambiguation dataset
described in Grefenstette and Sadrzadeh (2011a)5.
This dataset consists of ambiguous transitive verbs
together with their arguments, landmark verbs
that identify one of the verb senses, and human
judgements that specify how similar is the disam-
biguated sense of the verb in the given context to

5This and the sentence similarity dataset are avail-
able at http://www.cs.ox.ac.uk/activities/
compdistmeaning/

one of the landmarks. This is similar to the in-
transitive dataset described in (Mitchell and Lap-
ata, 2008). Consider the sentence “system meets
specification”; here, meets is the ambiguous tran-
sitive verb, and system and specification are its ar-
guments in this context. Possible landmarks for
meet are satisfy and visit; for this sentence, the
human judgements show that the disambiguated
meaning of the verb is more similar to the land-
mark satisfy and less similar to visit.

The task is to estimate the similarity of the sense
of a verb in a context with a given landmark. To
get our similarity measures, we compose the verb
with its arguments using one of our compositional
models; we do the same for the landmark and then
compute the cosine similarity of the two vectors.
We evaluate the performance by averaging the hu-
man judgements for the same verb, argument and
landmark entries, and calculating the Spearman’s
correlation between the average values and the co-
sine scores. As a baseline, we compare this with
the correlation produced by using only the verb
vector, without composing it with its arguments.

Table 3 shows the results of the experiment.
NWE copy-object composition yields the best cor-
relation with the human judgements, and top per-
formance across all vector spaces and models with
a Spearman ⇢ of 0.456. For the KS14 space, the
best result comes from Frobenius outer (0.350),

Method GS11 KS14 NWE

Verb only 0.212 0.325 0.107

Addition 0.103 0.275 0.149
Multiplication 0.348 0.041 0.095

Kronecker 0.304 0.176 0.117
Relational 0.285 0.341 0.362
Copy subject 0.089 0.317 0.131
Copy object 0.334 0.331 0.456
Frobenius add. 0.261 0.344 0.359
Frobenius mult. 0.233 0.341 0.239
Frobenius outer 0.284 0.350 0.375

Table 3: Spearman ⇢ correlations of models with
human judgements for the word sense disam-
biguation task. The best result (NWE Copy ob-
ject) outperforms the nearest co-occurrence-based
competitor (KS14 Frobenius outer) with a statisti-
cally significant difference (p < 0.05, t-test).

MIlajevs, Kartsaklis, Sadrzadeh, Purver, ENMLP 2014
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CB W2V GloVe FT

Verb Only Vector .4150 .2260 .4281 .2261
Verb Only Tensor .3039 .4028 .3636 .3548

Add. Linear .4081 .2619 .3025 .1292
Mult. Linear .3205 -.0098 .2047 .2834

Add. Non-Linear .4125 .3130 .3195 .1350
Mult. Non-Linear .4759 .1959 .2445 .0249

Best Tensor .5078 .4263 .3556 .4543
2nd Best Tensor .4949 .4156 .3338 .4278

Table 4: Spearman ⇢ scores for the ellipsis disambigua-
tion experiment. CB: count-based, W2V: Word2Vec,
FT: FastText.

Our first observation is that generally, the high-
est performing models were tensor-based. The
highest found correlation score was 0.5078 in the
count based space for a tensor-based model (CO

model above, Kronecker matrix, r = +), with
the Frobenius Additive model giving the second
best result of 0.4949 (FA model above, Kronecker
matrix, r = +).

For the neural spaces, the highest performing
models were tensor-based as well; they were al-
ways the Frobenius Additive (FA) model and the
Frobenius Outer (FO) model, using the relational
tensor and addition for the coordinator, except in
the case of GloVe, where the Frobenius Additive
(FA) model with the Kronecker verb tensor was
the second best.

The only exception to this observation is the
GloVe space, for which the baseline Vector Only
model in fact has a higher correlation than any
other model on that space.

Our second observation is that the non-linear
variants of the additive and multiplicative models
(which do resolve ellipsis but in a naive way) show
an increased performance over the linear models
(which do not resolve ellipsis). All of this holds
for all the four vector spaces, except for the Fast-
Text space where the linear multiplicative model
achieves significantly higher correlation (0.2834)
than its non-linear counterpart (0.0249).

Overall, these results suggests that a logical re-
solving of ellipsis and further grammatical sensi-
tivity is beneficial to the performance of composi-
tion.

One interesting fact about our results is that the
best compositional methods across the board were
those that interpret the coordinator ‘and’ as ad-

dition; in set-theoretic semantics one usually in-
terprets this coordinator as set intersection, which
corresponds to multiplication rather than addition
in a vectorial setting. We suggest that the fea-
ture intersection approach of using multiplication
may lead to sparsity in the resulting vectorial rep-
resentation, which then has a negative effect on the
overall result.

The choice of verb matrix was mixed: for the
count-based models the Kronecker matrix worked
best, for the neural embeddings it was best to use
the relational matrix.

Sentence Similarity: For the extension of the
KS2013 sentence similarity dataset, the results are
shown in Table 4. We again wanted to see if re-
solving ellipsis benefits the compositional process.
This was in general true, although we observed
a slightly different pattern to the previous exper-
iment.

In all cases, except for the FastText space, we
saw that non-linear models in fact perform better
than their linear counterparts. But this time the
best tensor-based models only outperformed ad-
dition for the count-based space: the best models
scored 0.7410 and 0.7370 (respectively for the FO

and FA models above, Kronecker matrix, r = �).
Both Word2Vec and GloVe worked best with a
non-linear additive model, with Word2Vec achiev-
ing the overall highest correlation score of 0.7617,
and GloVe achieving 0.7103. For FastText, the
highest score of 0.7408 was achieved by linear ad-
dition.

What is more, the multiplicative model did not
benefit from a non-linear approach in the case of
GloVe (from .3666 to 0.2439), and the additive
model had a similar decline in performance for
the count-based space (from 0.7000 to 0.6808) and
FastText (0.7408 to 0.7387).

We can see that for the neural word embeddings
the additive models work best, with all of them
seeing a drop in performance for the tensor-based
models.

Interestingly, the best count-based models in-
terpret coordination as multiplication, and use the
Kronecker matrix. For the neural embeddings, the
majority used the relational matrix and addition
for coordination.

Again, we conclude that resolving ellipsis im-
proves the performance of composition, but this
time the additive models seem to work best, with

Wijnholds, Sadrzadeh
NAACL 2019
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MENv SLv VS SVd SVt

vskip 0.28 0.05 0.34 0.22 0.18
VKron 0.38 0.1 0.37 0.22 0.18
VRel 0.33 0.05 0.34 0.22 0.18
eVo/s/s,o

(0) 0.25 0.27 0.56 0.25 0.20

Vsent|s/o

(1) 0.50 0.16 0.09 -0.02 0.02
eVo|s/s|o

(1) 0.59 0.34 0.55 0.29 0.24
Vsent|s,o

(2) 0.04 0.02 -0.08 -0.01 -0.03

SoTA n/a 0.39 0.65 0.40 0.30

Table 5: Spearman ⇢ correlation on verb similarity
datasets. The subscript v indicates that we are look-
ing at the partial verb-only dataset. For SimVerb we
distinguish between the development and test set. State
of the art scores are taken from (Chersoni et al. (2016),
VS) and (Gerz et al. (2016), SLv , SVd, SVt). For MEN,
we did not find any results on the verb subset.

sentence. We used the Spacy5 parser combined
with a postprocessing script to correct cases
of coordination of verbs and arguments, as
we expected this to be vital information in the
dataset. To keep this process manageable, we
used the SemEval subset of the SICK dataset.
We evaluate our best performing verb unary map
representations (eVo|s/s|o

(1) ), as well as the two
analytical verb representations VKron and VRel.

3.6 Comparison with Other Methods
At the verb level, we compare our skipgram verb
representations (Table 1) with two verb repre-
sentation methods from the type-driven literature
(Grefenstette and Sadrzadeh, 2011). The first rep-
resentation, referred to by Kronecker, lifts a verb
vector to a matrix representation using outer prod-
uct. The second representation is the Relational
model, where a verb matrix is taken to be the sum
of the outer products of its subject and object vec-
tors; formally:

VKron = va ⌦ va VRel =
X

i

si ⌦ oi

At the sentence level, we compare our model
with that of Mitchell and Lapata (2010), which
given a sentence adds the vectors of the words
therein, and also with supervised sentence en-
coders, InferSent (Conneau et al., 2017), as well

5https://spacy.io/

ML08 ML10 GS11 KS13a KS13b

vskip 0.07 0.40 0.23 0.18 0.45
VKron 0.25 0.40 0.27 0.26 0.45
VRel 0.11 0.43 0.31 0.18 0.47
eVo/s/s,o

(0) 0.06 0.53 0.33 0.10 0.64

Vsent|s/o

(1) 0.16 -0.00 0.37 0.06 -0.06
eVo|s/s|o

(1) 0.12 0.64 0.40 0.22 0.69
Vsent|s,o

(2) 0.18 0.00 -0.03 0.00 -0.03

SoTA 0.19 0.45 0.46 0.22 0.73
Human 0.66 0.71 0.74 0.58 0.75

Table 6: Spearman ⇢ correlation of verbs of SVO sen-
tence level tasks. Each score is a maximum score
out of possible clusters and fusion weights. State of
the art scores are taken from (Mitchell and Lapata
(2008),ML08), (Milajevs et al. (2014),GS11,KS13b)
and (Kartsaklis and Sadrzadeh (2013),ML10,KS13a).

as, Universal Sentence Encoder (Cer et al., 2018).
For these latter, we take off-the-shelf encoders to
map the sentence pairs in our evaluation datasets
to a pair of embeddings, and compute the cosine
similarity between these. We moreover compare
to state-of-the-art contextualised encoders ELMo
(Peters et al., 2018) and BERT (Devlin et al., 2019).
For ELMo, we use a pre-trained model and apply
mean pooling6. For BERT, we take the implementa-
tion of Reimers and Gurevych (2019)7, as it imple-
ments both the original pre-trained BERT models
and fine-tuned sentence embedding models. To
this, we apply max, mean, and CLS token pooling,
and report the best scores out of all models and
pooling types, for the pre-trained models and the
fine-tuned models.

4 Results

4.1 Verb Level Tasks
The correlation results on verb similarity tasks are
displayed in Table 5. Here, for the case of verb vec-
tors, the general skipgram model is outperformed
by the vectors trained using our partial model on the
verb arguments as context, and in fact these show
the highest performance on the VerbSim dataset.
That the unary and binary maps representations
with the full sentence as context perform rather

6https://tfhub.dev/google/elmo/2
7https://github.com/UKPLab/

sentence-transformers

Wijnholds, Sadrzadeh, Clark, CoNLL2020
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Method Embeddings Results

Copy Subject
word2vec
fasttext

0.644
0.591

Copy Object
word2vec
fasttext

0.604
0.599

Frobenius Add.
word2vec
fasttext

0.653
0.610

Frobenius Mult.
word2vec
fasttext

0.587
0.579

Baselines

Verb Only Vector
word2vec
fasttext

0.583
0.651

Verb Only Tensor
word2vec
fasttext

0.566
0.533

Additive
word2vec
fasttext

0.768
0.783

BERT phrase 0.575

Table 3. Experiment 1: Spearman ⇢ scores

Following our methods, we obtain the following vectors for them:

– Our copying map applied to the Copy Obj :
�!
S1 = ((produce ⇥ ����!

effect) � ���!
drug) + ((produce ⇥ ����!

effect) � ���������!
combination)

�!
S2 = ((achieve ⇥ ����!

result) � ��������!
medication) + ((achieve ⇥ ����!

result) � �����!
patient)

Our copying map applied to the Copy Subj :
�!
S1 = ((produce ⇥ ���!

drug) � ����!
effect) + ((produce ⇥ ���������!

combination) � ����!
effect)

�!
S2 = ((achieve ⇥ ��������!

medication) � ����!
result) + ((achieve ⇥ �����!

patient) � ����!
result)

– The Additive baseline:
�!
S1 =

���!
drug +

�����!
produce +

����!
effect +

���������!
combination

�!
S2 =

��������!
medication +

�����!
achieve +

����!
result +

�����!
patient

6.3 Spearman Experiment

Following [27], we calculate Spearman’s rank correlation coe�cient between the cosine
similarity scores of pairs of sentences of ELLSIM and the average human annotation
judgments. This is a value between -1 and +1. Results are presented in Table 3. Our first
observation is that the best performing model was the Additive baseline. It achieved
the highest Spearman correlation score of 0.783 in the FastText space. Between all
our compositional methods, the highest correlation score was 0.653 with the Frobenius
Additive and in the Word2vec space. All of the compositional models outperformed
the BERT phrasal model but not the Additive baseline model. In both cases, the results
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achieve +

����!
result +

�����!
patient

6.3 Spearman Experiment

Following [27], we calculate Spearman’s rank correlation coe�cient between the cosine
similarity scores of pairs of sentences of ELLSIM and the average human annotation
judgments. This is a value between -1 and +1. Results are presented in Table 3. Our first
observation is that the best performing model was the Additive baseline. It achieved
the highest Spearman correlation score of 0.783 in the FastText space. Between all
our compositional methods, the highest correlation score was 0.653 with the Frobenius
Additive and in the Word2vec space. All of the compositional models outperformed
the BERT phrasal model but not the Additive baseline model. In both cases, the results
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Method Embeddings Results

Copy Subject
word2vec
fasttext

0.644
0.591

Copy Object
word2vec
fasttext

0.604
0.599

Frobenius Add.
word2vec
fasttext

0.653
0.610

Frobenius Mult.
word2vec
fasttext

0.587
0.579

Baselines

Verb Only Vector
word2vec
fasttext

0.583
0.651

Verb Only Tensor
word2vec
fasttext

0.566
0.533

Additive
word2vec
fasttext

0.768
0.783

BERT phrase 0.575

Table 3. Experiment 1: Spearman ⇢ scores

Following our methods, we obtain the following vectors for them:

– Our copying map applied to the Copy Obj :
�!
S1 = ((produce ⇥ ����!

effect) � ���!
drug) + ((produce ⇥ ����!

effect) � ���������!
combination)

�!
S2 = ((achieve ⇥ ����!

result) � ��������!
medication) + ((achieve ⇥ ����!

result) � �����!
patient)

Our copying map applied to the Copy Subj :
�!
S1 = ((produce ⇥ ���!

drug) � ����!
effect) + ((produce ⇥ ���������!

combination) � ����!
effect)

�!
S2 = ((achieve ⇥ ��������!

medication) � ����!
result) + ((achieve ⇥ �����!

patient) � ����!
result)

– The Additive baseline:
�!
S1 =

���!
drug +

�����!
produce +

����!
effect +

���������!
combination

�!
S2 =

��������!
medication +

�����!
achieve +

����!
result +

�����!
patient

6.3 Spearman Experiment

Following [27], we calculate Spearman’s rank correlation coe�cient between the cosine
similarity scores of pairs of sentences of ELLSIM and the average human annotation
judgments. This is a value between -1 and +1. Results are presented in Table 3. Our first
observation is that the best performing model was the Additive baseline. It achieved
the highest Spearman correlation score of 0.783 in the FastText space. Between all
our compositional methods, the highest correlation score was 0.653 with the Frobenius
Additive and in the Word2vec space. All of the compositional models outperformed
the BERT phrasal model but not the Additive baseline model. In both cases, the results

Compositional 
Copying Tensor



Summary

Pregroup Grammars provide a nice axiomatics that 
represent intuitive grammatical reductions. 

They enjoy a vector space semantics, which relates 
them to main stream NLP tasks.  

The logic of a pregroup is poor, but they are 
translatable to Lambek Calculus. 



Future Directions
The vector semantics has found a translation to 
Quantum circuits and people used them to run 
sentence-level experiments in IBMq (Lorentz et al 2020: 
Coecke’s group in CQ). 

Extending this to beyond-sentence: RAEng senior 
fellowship 2022.  

The rules for copying and permutation have no 
connections to the monoid operations. 

Vector semantics has always been incomplete. 


